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fth rate kinetics for the continuous 
acid from solution was studied in a 0.8 1
evaporative mixed suspension, mixed product removal cryscallizer. The 
crystallizar included a draft tube which improved the uniformity of 
the suspension. Experimental conditions which were varied during the 
experimental runs were drawdown time of the erystallizer, stirrer 
speed of the stirrer in solution, heat flux to the crystallizing 
solution and the suspension density of the crystallizing magma.
X-ray diffraction patterns of the tungstie acid material produced 
confirmed that the material was crystalline and that it was in the 
tungsten monohydrate (WOg.^O) form.
The crystal size distribution of the cryscallizer magma was obtained 
under steady state conditions and usei to calculate the crystal 
nucleation and growth rates. The main nucleation mechanism in the 
crystallizing system was contact secondary nucleation and the crystal 
growth rates were found to be crystal size dependent, A size 
dependent growth rate model was proposed which was incorporated in Che 
population balance equation. Good fits of the model to the data were 
obtained using this population balance equation.
Analysis of the expressions derived for the nucleation and nuclei 
sized crystal growth rates indicated that the nucleation rate was a 
linear function of erystallizer magma -suspension density and that 
there existed an inverse relationship between the nucleation rate and 
the crystal growth rate of the nuclei sized crystals.
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1. INTRODUCTION
Hose modern- commercial tungsten plants use either a chloride-based 
process or a soda ash pressure leaching operation for the recovery of 
ammonium paratungstate (APT) from scheelite concentrates. Various 
problems exist in these processes such as corrosion and high main­
tenance costs for the chloride-based process acid effluent disposal 
problems for the soda ash pressure leaching operation.
In order to cry and eliminate these various problems Verbaan (1985) 
proposed a flowsheet which utilises the soda aSh pressure leaching 
step in conjunction with two electrolytic membrane, processes. These 
electrolytic membrane processes are -used to eliminate some of the 
effluent disposal problems encountered in the soda ash operation and 
permit possible recovery of reagents, as well as allow the production 
of APT via a tungstic acid intermediate. ,
The production of this tungstic acid intermediate is done using an 
evaporative crystallization technique. This technique has various 
possible advantages such as additional purification possibilities and 
the ability to closely control the crystal size distribution (CSC) of 
the tungstic acid crystals. Direct calcination of the crystals to ths 
tungsten oxide or tungsten powder products thus eliminating the APT 
intermediate,.is also a'possibility.
Such a tungstic acid crystallization step promises to be commercially 
very attractive if fully exploited, and therefore the main part of 
this dissertation will be concerned with the modelling of tungstic 
acid crystallization kinetics,
the remaining portion of chapter 1 gives some background on the 
different processes which are or can be used to extract tungsten metal 
from basic ores, This is done to highlight the significance of the
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proposed flowsheet and the Importance of the crystallization process. 
Jection 1.1 discusses the basic uses of tungsten and gives a broad 
overview of what the basic steps are for the recovery of the tungsten 
metal. Section 1.2 describes the two existing tungsten recovery 
processes currently in operation in more detail. In ssction 1.3 is a 
complete description of the new process proposed by Verbaan (1985). 
Finally, the scope and objective of this study are defined in section 
1.4.
1.1 Extractive metallurgy of tungsten
Tungsten is the eighteenth most abundant metal, having an estimated 
concentration in the earth's crust of 1 ppm. During the nineteenth 
century tungsten remained a laboratory material. The latter half of 
the century saw the development of high speed cool steels containing 
tungsten which became the prime use for the metal in the first half 
of the twentieth century. Today, the manufacture of cemented carbides 
accounts for over half of the tungsten consumption in the 
world (Stephen and Wang, 1981).
According to Stephen and Wang (1981) the term "extractive metallurgy" 
refers to those process seeps that start with an ore concentrate and 
end with an intermediate compound chat can be reduced to yield 
metallic tungsten of desired purity and metallurgical properties, The 
objective of the extractive process is thus to convert the tungsten 
value contained in the ore concentrate to the intermediate compound, 
usually synthetic scheellte, tungstic acid or ammonium paratungstate 
(APT). Generally, the ore concentrate is given a pretreatment to 
remove impurities choc may be difficult or more expensive to eliminate 
at a lattir stage. The next step is the ora decomposition, in which the 
tungsten is isolated from other major constituents of the ore and 
converted to a form in which subsequent purification is feasible. 
Some purification is also accomplished during ore decomposition, 
Finally, the remaining impurities are removed, and the desired 
intermediate compound (APT, or HgWO^ ) is obtained. It is very
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important that a high purity tungsten compound is obtained since high 
purity is required for all uses of tungsten except as a steel-alloying 
additive.
1.3 Processes for the production of tungsten
The two main processes described below to produce tungsten from 
scheelite (CaW04) are via a chloride-based process or via a soda ash 
pressure leaching operation.
1.2.1 The chloride-based process
Ore decomposition using HC1 leaching is often the process selected 
when high-purity natural or synthetic scheelite minerals are available 
and the molybdenum level in the final product is not critical.
According to Stephen and Vang (198',,), the first step is the 
decomposition of the high-grade scheelite with hydrochloric acid:
CaV04 + 2HCli-CaCl2 + H2V04 1,1
Since CaCl2 is soluble in aqueous hydrochloric acid, the precipitated 
ttungstic acid can be isolated by filtration and washing. The equili­
brium constant, K-(CaCl2]/(HCl]2 is large (i.e. K=104) and the
reaction should go to completion with the stoichiometric amount of 
acid. However, in practice large excess amounts of HC1 are required to 
complete the reaction. This is because of the slew diffusion of Hfll 
through the layer of H2W04 that forms around the CaV04 particles. 
In order to increase the leaching rate, high HC1 concentrations, 
excess amounts of the acid, high temperatures, effective agitation,
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and Wang, 1981).
According to Canterford and Colton <1968) some separation of
molybdenum from tUngstan occurs during the acid leach. This results 
from the grossly differing solubilities o f molybdic and tungstic acids 
in MCI. The extend of molybdenum removed depends on the amount and 
concentration of HC1 used and the efficiency of filtration and 
washing.
Filtration of tungstic acid slurry is of special importance in 
impurity removal and in material recovery. Stephen and Wang (1981) 
suggest that when iron is present as an impurity, use of Small amounts 
of nitrate or other oxidation reagents during digestion is 
recommended: This will oxidize the ferrous ions to ferric ions which
precipitate and facilitate* filtration.
The further preparation of pure APT from crude tungstic acid involves 
three steps; Digestion of the tungstic acid in aqueous ammonia, fil­
tration of the ammonium tungstate solution, and crystallization of the
In aqueous ammonia, removal of phosphorus and arsenic may be accom­
plished by the addition of a little magnesium oxide, which forms in­
soluble magnesium ammonium phosphate and arsenate under these 
conditions. Iron and similar metals form colloidal hydroxides and 
their removal together with silica, which is also colloidal, is accom­
plished by the addition of a small amount of activated carbon and by 
digesting for 1-2 hrs, Filtration is rather slow but can be efficient­
ly accomplished by the use of a pressure filter with filter aids 
(Stephen and Wang, 1981).
APT crystals are obtained by evaporating the purified ammonium tung­
state solution, and the amount of crystals formed depends upon the
Chapter 1
extend of evaporation. Partial impurity removal is accomplished during 
the crystallization process. Removal of molybdenum is especially 
noticeable.
The APT crystals are then calcined to tungsten oxide and further 
reduced to tungsten metal powder.
Some of the disadvantages of this chloride-based process are:
a)Large excess amounts of HC1 are used for the leaching of the 
seheelitte ore. This large excess -amount of acid must be 
neutralised using limestone. The resulting neutral dissolved 
salt, calcium chloride, represents a pollutant. Environmental 
legislations for the disposal of aqueous effluents are stringent 
and the cheap disposal of effluents containing significant con­
centrations of such dissolved salts is generally not possible. 
The excess acid cannot be recovered.
b)The water associated with substantial concentrations of 
dissolved salts cannot be recycled and needs to be disposed of. 
This represents another cost, and a waste of water,
c)In any process where chlorides are present corrosion is a 
problem and increases maintenance costs.
d)This process can only be used to process high grade scheelite
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1,2.2 The soda ash pressure leaching process
Low*grade ores cars be decomposer ing this process. This process uses 
a sodium carbonate solution ,'Spcoaipose seheelite. The process as 
described by Stephen and Wang (1981/ is as follows:
Na2C03 + CaU04 + CaC03 1.2
As practised in industry, the leaching process is run with -44 to -90 
concentrates at 190-225 C for 1.5-4 hrs using 5,0-18 % sodium 
carbonate solution with 250-450 % of the stoichiometric quantity of 
NagCOg, depending on the grade of concentrate used. The temperature 
employed results in pressures of 12-26 bars, and the reaction is thus 
carried out in mild’stael or alloy steel" autoclaves.
The process is simple and effective; its advantages are that high.-: or 
low-grade concentrates of either seheelite or low-manganese wolframite 
may be used, and that the maintenance costs are relatively low, A fre­
quent criticism of the process is that a large amount in excess of 
sodium carbonate is necessary so obtain an acceptable recovery.
The extend to which impurities present in the concentrate are rendered 
soluble by the leaching process is important. Experiments have shown 
that arsenic and phosphorous are less completely leached than 
tungsten, so the ratios of As.W and F/W are reduced, sometimes as 
much as tenfold. However, they are usually present in the leach liquor 
in sufficient quantity that subsequent purification, is necessary. Tin 
remains virtually unattacked by the autoclave-soda process, Khan 
silica occurs in the leach liquor special methods must be used for its 
removal.
Filtration of the leach liquor to remove the gangue material is
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relatively easy wish boch sehaellce and wolfranltte concentrates.
The resulting sodium tungstabe solution generated using this process 
still contains some of the impurities present in eha raw material. 
These must be reduced to acceptable levels before Che intermediate 
compound is prepared. The most frequently encountered contaminants are 
silica, phosphorous, arsenic, and molybdenum. The removal o£ these 
impurities will be discussed in Appendix A since it is a general 
method used in various processes for purification purposes.
After purification the sodium tungstate solution is now stripped from 
the alkali metals using a liquid solvent extraction process. This 
process extracts the tungsten from the sodium tungstate solution, 
leaving sodium in cfca aqueous phase, This sodium will be converted to 
sodium sulphate. The tungsten is .subsequently stripped from the 
solvent using aqueous ammonia, and the intermediate product, APT, is 
obtained by crystallization from the mother liquor as described 
before. It must be noted that impurities such as molybdenum, silicon, 
phosphorous, and arsenic are also extracted using the solvent 
extraction process, so the preceding purification steps' are needed 
before solvent extraction can be done.
The pure APT crystals are again calcined and reduced to tungsten metal 
powder,
Some of the disadvantages of the soda ash pressure leaching process
a)Very large excess amounts of soda ash is used for the leaching 
step. The sulphuric acid required to effectively neutralize the 
excess sodium carbonate can represent a substantial cost. Such 
bases are also not recovered or reused, Also, the environmentally 
acceptable disposal of 1/irge volumes of dissolved sodium sulphate
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represents a major problem.
b)During the solvent extraction process the sodium associated 
with the tungstate anion is converted to sodium sulphate. The 
original source of these sodium ions in the process can also re­
present a substantial cost, and this base is also not recovered 
or reused.
c)The water associated with substantial concentrations of 
dissolved salts cannot be recycled, and needs to be disposed of. 
Thus, another disposal cost and a waste of water*.
d)£xtensive purification steps have to be employed to get rid of 
impurities suth as As, Mo, Si, and P before the liquid solvent 
extraction process.
1.3 Description of the process proposed by Verbaan
As mentioned before, Verbaan and Brown (1986) proposed & new flowsheet 
which incorporates electrolytic membrane technology and results in the 
production of highly supersaturated tungstic acid solutions which may 
be crystallized to form crystalline tungstic acid. This novel process 
has not yec been fully demonstrated or commercially proven.
In this flowsheet presented as fig 1,1 the soda ash pressure leaching 
process described in section 1.2.2 is used to the point where the 
sodium tungstate solution has been purified, that is, before the 
solvent extraction process is employed. Instead of using the solvent 
extraction process to produce APT two electrolytic membrane processes 
are employed, A full description of the relevant chemistry in the two 
electrolytic processes is presented in Appendix 3.
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Ttie first; electrolytic membrane cell is used co temova sll the excess 
sodium carfednase which is added in Che pressure isaching step. In this 
process the alkali maeal ions are transported across a cation 
selective membrane from an anode compartment to a cathode
compartment. Caustic soda is formed in the cathode compartment while 
CO2 and oxygen are released from the anode. The caustic soda can then 
be recarbonated with CO2 to form soda ash. The soda ash now formed 
can then be recycled back t6 tha pressure leaching seep. This first 
electrolytic membrane procesi-s will be controlled in such a way chat 
only the axcess sodium carbonate is removed.
In the second electrolytic membrane process the sodium tungstate in 
the solution is converted to tungstic acid. Once again the alkali 
metal ions are transported across the membrane from the anode to the 
cathode. Caustic is formed in the cathode and tungstic acid is formed 
in the anode compartment. The caustic soda is once again recarbonated 
and the soda ash is recycled to the leaching step.
The pure tungstic acid solution in the anode compartment has a very 
high supersaturation concentration and is fed into an evaporative 
mixed suspension mixed product removal (MSMPR) crystallizer. Tungstic 
acid crystals are formed and these crystals can eicher be directly 
calcined and reduced eo form tungsten metal powder, or the crystals 
can be redissolved in an aqueous ammonia solution and converted to Che 
usual APT crystals. The purity of Che tungstic acid crystals will 
determine which of the two above possible routes will be accepted. 
Alternatively, (.£ the supersaCurated tungstic acid solution is pure 
enough it can be converted direccly to ammonium tungsrate by Che 
addition of ammonia, and then crystallized to form APT. It is clear 
that the direct calcination of the tungstic acid crystals could be the 
more economical route because it eludes che use of additional ammonia 
solutions.
From Che above discussion, it follows chat the two electrochemical 
processes represent an alternative co che solvent extraction method
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discussed In section 1.2,2 for ultimately converting sodium tungstate 
to Che tungsten oxide intermediate with the advantage that the 
alkaline reagent may be recovered,
Verbaan's process has the following potential advantages over the 
previous two processes described in section 1.2.1 and 1.2.2:
a)Virtually all of the soda ash that is used in the pressure 
leaching step can be recovered and recycled back to the leaching 
step. Thus, no acid is required for the neutralization of the 
soda ash and no dissolved salts require disposal of, Considerable 
savings arising from the recovery of soda ash and elimination of 
the need to use sulphuric acid can be made.
b)There are no chlorides used in this process with the result 
that corrosion is less.
c)3oth high- and low grade scheelice a"s well as wolframite ores 
can be decomposed in this process.
d)The sodium associated with the tungstate anion is converted in 
the membrane cell to caustic soda which in turn can be 
recarbonated and recycled back to the pressure leaching step.
e)If the tungstic acid crystals can be directly calcinated and 
reduced to tungsten powder, no ammonium solutions are needed 
which also represents a saving in costs.
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Ojsadvaatages of this process are that the same purification steps 
used in the soda ash pressure Leaching process must be applied in this 
process and the fact that this process has not yet been adequately 
demonstrated,and commercially proven.
1.4 Purpose and scope of this study
The various discussions preceding this section have shown that che 
introduction of a new process to produce metallic tungsten will have 
many advantages which will favour the economics of this industry. 
Virtually all the steps in this new process have either been used in 
induscry or have undergone extensive experimental research (Verbaan, 
Greenslade and Wade, 1984). The one aspect of this process that lacks 
knowledge is the kinetics associated with the crystallization of the 
tungscic acid from the supersaturated solution since this has never 
been attempted before. With this in mind the aims of this dissertation
a) To experimentally prove that crystalline tungscic acid can be 
produced from a supersaturated tungstic acid solution produced in 
an electrolytic membrane cell.
b) Study the nucleacion and Crystal growth kinetics associated 
with the crystallization of tungstic acid.
In order to do these investigations the following procedure was 
followed:
a) Pure APT crystals produced at Boart Hatdmetals (Pv.y) Ltd. was 
dissolved in a stoichiometric excess amount of pure, hot caustic 
soda solution. This was done to permit production of sooium 
tungstate solutions in a reproducible manner,
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b) This solution was boiled to remove the NH3 which formed in
c) This solution was Rreated in an electrolytic membrane cell at 
a current density of 1000 Amp/m^  and a temperature that varied 
between 30 and 40 *C. During this process the Na+ ions were 
removed from the anode compartment, and tungstic acid in solution 
was produced. The final Na+ ion concentration in the anolyte so 
produced was typically 1 g/1 or less,
d) The tungstic acid solution was -continuously pumped into a 0.8
1 MSMPR crystalliser which contained a draft tube circulator. The 
solution in the crystallizer was kept at a boiling point of 96 
*C, The range of stirrer speeds in the crystallizer varied 
between 2400 and 4000 rpra. The range of residence times varied 
between 48.6 and 500 ains.
a) Samples were periodically withdrawn from Che crystallizer and 
the tungstic acid crystals were recovered by filtration.
f) The particle size distribution of the crystals was 
established, and this Information was processed to establish the 
nucleation an crystal growth kinetics.
g) The literature was reviewed to postulate crystallization
mechanisms and establish mathematical models which were developed 
and fitted to the experimental data.
Tha results obtained did not follow the idealized crystallization
kinetics pattern. This suggested that the crystallising system
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differed from ideal conditions and in order to 
dependent growth rate model was derived and tei
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2. THE CRYSTALLIZATION PROCESS
The main purpose of ehis dissertation is Co study ehe kinetics for the 
crystallization of cungstic acid from a supersaturated solution 
produced in an electrolytic membrane call. In order to understand why 
it is important to determine these kinetics, a short summary of the 
basic principles of crystallization from . solution, either as an 
industrial or experimental operation, is necessary, Such an attempt 
has been made in this chapter: Section 2,1 briefly discusses
crystallization as a separation technique, The importance of the 
crystal size distribution (CSD) as a property in the crystallization 
process is stressed in section 2.2 while some fundamental concepts 
which must be taken into consideration .for the design of a 
crystallizer are presented in section 2.3. Finally, a simplified 
continuous crystallizing system, the idealized mixed suspension mixed 
product removal (MSMPR) crystallizer is described in section 2.&.
2.1 Introduction
According to de Jong (193u) crystallization is a commonly used in­
dustrial separations and purification technique. As a process for 
separation, crystallization is characterized by a relatively low 
demand for energy. This is partieulr -ly evident for
cooling-crystallization if the working temperature is not far below 
the ambient value. Evaporative crystallization may be of interest on 
tile grounds of energy. In evaporative crystallization, as contrasted 
with distillation, reflux is not used. However, the energy consumption 
per kg of material crystallized can be sharply reduced by means of 
counter current mulelscages utilising energy integration. The optimum 
number of stages can be chosen only by considering the energy optimum 
and capital investment costs,
In either case, whether the crystallization operation is for 
separation and/or purification purposes, chare is a strong interaction
and dependence between both Che degree of separation and purification 
and the particuiiata nature of the solid phase produced, Fundamental 
research on the unit operation of crystallization has focused mainly 
on understanding and predicting the particulate nature of the 
crystalline phase, recognising that better knowledge and control of 
this aspect would permit iaprevement of the unit operation of 
crystallization, both as a separation and as a purification technique.
Specifically, a general theory of CSD has been advanced and refined, 
Various experimental and theoretical studies of the kinetics of 
crystal nucleation and growth rates together with particle mixing, 
segregation, and classification mechanics were Initiated by various 
researchers. These particle kinetics and mechanics, which in fact 
establish the resulting CSD, permit analysis, evaluation, and 
prediction of crystallizer performance at levels of operation ranging 
from bench-scale to commercial production.
The development of crystallizers has the objective of producing pure 
crystalline materials with the minimum combined cost for capital 
equipment and for operating cos's,
2.2 Important- of the CSD as a property in crystallization 
processes
CSD is one of the most important, difficult to predict, and least 
understood properties of crystallization processes. CSD is an 
important property affecting the end uses of the crystalline product 
as well as interacting strongly with the crystallization process 
itself, Randolph and Larson (1971) state that some of the more
important problems in the operation of industrial crystallizers 
involve crystal habit and purity, salting (fouling), capacity and 
scale-up, and crystallizer stability, All of these problems interact 
strongly with the CSD in the crystallizer, and in fact, most of these 
problems could be listed as subheadings under the CSD, The main
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mechanism of interaction of these problems with CSD Is through the 
level of the driving force (i.e. supersaturation) in the process.
CSD also plays a major role in . the economic viability of a 
crystallization process: The investment costs of a process for
separation by meads of crystallization can be considerable because 
small rates of growth of the crystals can result in long residence 
times in the crystallizer to produce a product which is coarse enough 
to be easily separated from the liquid. In general, long residence 
times imply large and therefore costly equipment. In addition, 
investment in equipment for separating the crystals from the liquid is 
necessary. The investment for such equipment is.determined by the 
residence time to attain a suitably low residual moisture centant in. 
the end product. This residence time is again related to the 
resistance of the flow of a liquid through a layer of crystals which 
increases by a factor of 2.7 when the porosity of the crystal bed 
decreases from 0.6 to 0.5. Therefore, the CSD should only be allowed 
to vary in a limited way (de Jong, 1984),
Finally, de Jong (1984) states that the crystal size and scatter in 
size of the dry crystals have an effect on the resistance of the 
crystals to flow from silo's and on their bulk density.
2.3 Fundamental concepts in the design of crystallizars
The design of crystallizers is based on chair mode of operation. The 
crystallization rata depends on the concentration of the feed stream, 
the process conditions and the equilibrium data. It is also important 
to decide whether this mass of crystals is Co be distributed among a 
few large crystals or among many small crystals. This distribution is 
determined by the continuous interaction between nucleation kinetics 
and crystal growth kinetics as wt.ll as by particle classification, 
attrition and breakage. As mentioned earlier, the level of super- 
saturation is the major driving force for nucleacion and growth,
Chapter 2 Page 13
Although supersaturatton in a crystallizer may be very low, it is a 
key function in all of crystta!lization processes.
Crystal nucleation and growth kinetics are the two main phenomena 
which influence the CSD, A third is the residence time of the 
crystals in the crystallizer. The crystal residence time is often by 
default a function of the crystal dimensions, The rate of nucleation 
and crystal growth, and the residence time of the crystals all depend 
on how the mass of crystals are circulated in a crystallizer. as 
characterized by the time of circulation, the velocity of liquid, and 
the intensity of the turbulence. These factors are accounted for in 
the concept .of hydrodynamic behaviour. The total crystal mass per unit 
volume, which influences the rate of nucleation, follows from the mass 
balance and the solubility curve of the material being crystallized. 
The surface area of the crystals which is available for the reduction 
of the supersaturation follows from the CSD and the total crystal mass 
per unit volume. The abrasion of the large crystals may have, a 
significant effect on the CSD, and hence also effect the behaviour of 
a particular system.
Accort—ng to de Jong * • /o groups of parameters are important for 
the design of cryscall^ .. /
Group 1: Crystallization kinetics, i.e,, rate of nucleation, and 
rate of crystal growth.
Group 2: Spatial distribution of the crystal mass, i,o,, the
crystal mass distribution, hydrodynamic behaviour, and residence 
time of the crystals in the crystallizer.
The significance of these groups are different for continuous and 
batch crystallizers,
Chapter 2 Page 19
The research done in chis study concentrated on the use of continuous 
crystallizers. It is for this reason that the rest of this discussion 
will only be concerned with continuous crystallizers.
2.4 The continuous mixed suspension mixed product removal 
crystallizer
In a continuous crystallizing system both the crystallization kinetics 
and the spatial crystal mass distribution are important in determining 
the CSD, Section 2.2 explained the significant role which the GSD 
plays in the development .ii an industrial crystallizer,
Crystallization' kinetics are often determined using laboratory test 
equipment having capacities varying between 1 and 100 1. To ease 
analysis, results are usually obtained in an experimental crystallizer 
operating under steady-state conditions. It is difficult to define and 
determine the spatial crystal mass distribution for a continuous 
crystallizer. To overcome this problem the measurements for
determining the kinetics are conducted in such a way that the spatial 
crystal, mass distribution plays no part. This is accomplished by using 
a continuous, constant volume, isothermal, well mixed crystallizer 
with mixed product removal. Such a crystallizer is therefore 
characterized by "mixed suspension, mixed product removal" (MSMPR) 
conditions (da Jong, 19S4),
The continuous KSMPR crystallizer will thus be used to generate growth 
and nucleation rate data. Randolph and Larson (1971) note that
systems such as these have the advantage that conditions similar to 
those in industrial-size units can be attained. The most important 
advantage is that the technique permits the measurement of both 
nucleation and growth rates simultaneously at the same level qE 
supersaturation, agitation, temperature, and suspension density.
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In order co determine Che kinetics of crystallization easily the 
following requirements must be met by a MSMER crystallizer (McCabe and 
Smith, 1976):
1) The operation is at steady state.
2) At all 'w.-jnes the crystallizer contains a mixed suspension with 
no product classification.
3) At all times -uniform supersaturation exists throughout the 
suspension,
McCabe's so-called 6L lav for crystal growth applies. \5?owth 
rata is independent of crystal size.)
5) No size-classi£ication occurs in the product removal system.
6) fro crystals are introduced with Ch« feed.
7) The product crystals and mother liquor leave the crystallizer 
at equilibrium.
8) No crystal breakage into finite particle sir"* occur.
If these constraints Xsld, the MSMPR crystallizer is said to behave 
ideally. For such an ideal MSMJR crystallizer the nucleation rate iil 
constant at all points in the crystal suspension. Also, ths rate of 
crystal growth iy cona eanc and independent of crystal si;e ar.d
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location throughout the suspension.
It will be noted in the following chapter 3 that CSD's obtained 
experimentally often differ from the results which were expected. This 
means that one. or more of the assumptions which were made in this 
section is incorrect', This subject will be Se&lt with in Chapter 3. 
Chapter 4 deals with the basic micleation mechanisms which can be 
present in the tungstic acid crystallisation system.
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3. OETmiHATIOS OF THE XIHSTIC PARAMETERS FOB. CONTINUOUS 
CRYSTALLIZATION PROCESSES
Considerable advances in Che determination of the kinetics of 
crystallization have been made in recent years with the help of 
quantitative techniques based on the population-density theory- This 
theory is concerned with the change in the number of particles in the 
various size ranges, i.e. the so called population balance theory. The 
population density n is defined as the limiting value
&  - a
where is the number of particles per i volume .in the,
particle-size range AL. j "
-;.r
The previous chapter gave some background on the CSD in crystallizers 
and why this is such an important part of any crystallizing system. It 
was also emphasised that the CSD of a csjrstallizer depends on the 
kinetics of nucleation and growth as well as the constraints and the 
geometry of the system. It was said that the geometry of a 
crystallizing system is hard to define, and to avoid this problem a 
KSMPR crystallizing system was adopted. In the current chapter this 
MSMPR system is used to obtain the crystal-nucleation and growth rate 
kinetics. It was mentioned above that in order to accomplish this a 
population balance must be set up. Such a general population balance 
for a MSMPR crystal,lizer is derived in section 3.1. Section 3.2 
illustrates the calculation of the crystallization kinetics when ideal 
KSKPR conditions exist. In section 3.3 are four different population 
balances each one relating to a different non-ideal phenomenon which 
can occur in a MSMPR crystallizing system. Finally section 3.4 
summarises the crystal growth rate model which is used to fit the 
non-ideal data in this dissertation to the population balance 
equation,
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3.1 General population balance equation for a MSKER eryatallizar
The most general and useful form of the population balance equation is 
the macroscopic population balance equation, derived by Randolph and 
Larson (1971). This macroscopic population balance can be averaged in 
the external phase space if it is assumed that the crystallization 
process is carried out in a well mixed vessel.
This population balance can be used for describing transient and 
steady state particle size distributions in well mixed vessels.
The basic equation is:
tihere: n - Population density of the crystals.
vj- The internal particle velocities v^  which are assumed 
to be a unique function of the state of the particle. An 
example of internal convective velocity is that of the 
linear rate of growth of a crystal in a supersaturated 
solution.
V - Total volume of the suspension.
B - Empirical birth function.
D - Empirical death function.
Qj- The J input and output volumetric flowrates to the volume 
V, Qj is taken as positive for flow out of V and negative 
for flow into V, 
nj- The population density of the J ch stream.
If the assunption of a continuous, constant volume, isothermal, wall
Chapter 3
mixed crystallizer with mixed product removal is made, equation 3.2 
can be written as:
Where: L - The characteristic length of the particle.
0 - Crystal growth rate.
This means that the only internal particle velocity that plays a part 
under this conditions is the linear growth rate of the particles.
This is the general population balance equation derived by deriving 
the population balance over a Macroscopic External Coordinate Region 
(Randolph and Larson, 1971).
3.2 Population balance equation for an ideal M5MPR crystalliser
If the physical assumptions mentioned in section 2.6 hold, the MSMPR 
cr^stallizer will behave as an ideal MSMPR crystalliser.
The population balance equation for an ideal MSMPR crystalliser can be 
developed from the general population balance equation 3,3 derived in 
the above section.
Assuming all the physical assumptions in section 2.4 to hold and 
stating that r, the drawdown time of the vessel is V/Q., equation 3.3
- . -I/--? -
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Where; Q« - VolumeCrie flowratte out of Che cryscallizer.
InCegraeing equation 3.4 using the following boundary ecndicions; 
n-n" where L-0, results in equation 3,5:
Where: n - Population density of the nuclei sized crytals.
This is the population balance equation for an ideal MSMPR 
crystallizer.
An additional procedure co derive this samie equation is discussed in 
Appendix F.
Determining the crystallization kinetics using this idealised 
population balance equation
If the natural logarithm of n is plotted against L, a straight line is 
obtained with slope -1/Gr and an intercept on the ordinate axis of n* 
for L-0 as shown in figure 3,1, If the mean residence time, or 
drawdown time, r is known, the rate of crystal growth rats can then be 
calculated.
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Figure 3.1 Semilog populacion density plot from crystallisation in 
an ideal MSMPR crystalliser
The population density of the nuclei n is related to the kinetics of 
nucleacion in the following way:
Let the nucleatlon rata B° be defined as:
Where: N « Total nuntiser of particles per unit volume,
N - Total number of nuclei sized particles par unit volume.
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The growth rate C is defined as;
The nuclai population d&naity has piwviously been
From staple calculus follows chac:
The result follows directly from combining aquations 3.7,■3,3 and 3.9.
3* - n* fl 3.10
The parameter n therefore incorporates the nucleatior. kinactcs, Thus 
the growth and nucieacion rates can be determined simultaneously.
The crystallization kinetics can be obtained from an analysis of the 
crystal size distribution obtained experimentally for an MS21PR 
aryseallizoir operating at equilibrium. This procedure is illustrated 
in Appendix H.
In practice, the lost impovtanc distribution is not usually the number 
distribution, but the mass or weight distribution, From the definition
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of Che population density, the total -umber of crystals In a unis 
volume of a system is given by:
where n(L) is a function <>£ n In cams of L.
Substituting equation 3.5 in the number distribution, equation 3.11,
Equation 3,13 is termed the zeroth moment of the distribution and 
represents the total number of crystals in cha volume undec
consideration.
Similarly, the higher moments represent other physical quantities 
pertaining to the crystals in a crystallizar. The first moment is 
termed the specific length Lc and is the sum of the characteristic 
lengths of all the crystals in the distribution, as follows:
3.11
where the integral converges for this exponential distribution the 
following ewptassion is obtained:
3.12
3.13
3.14 .
n‘(Gr)
The second moment multiplied with an area shape factor is the specific
surface area of the distribution, aa follows;
Ac - k^mg- ka j”L^ n* axp(-L/Gr) dL 3.15
- 2kan* (Gr)3
the third momane mulclpLied by a volume shape factor rapteser.cs the 
specific volume of the crystals in the distribution. If this moment is 
also multiplied by the crystal mass density the product is the 
specific mass of crystals in the distribution, as follows:
Mt - kyiiyp - ky L^ n' axp(-L/Gr) dL 3.16
- 6#)kvn* (Gr)&
Refer co Randolph and Larson (1971) for tha derivation of these 
moments.
For the idealized KSMPR crystallizer the population balance equation 
ha-' been derived as:
n - n exp(-L/Gf) 3,5
The distribution of this population balance has only one shape, By 
specifying the predominant crystal size the entire distribution is 
defined. The development of this predominant size is summarized in 
Appendix J.
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3.3 Population balance equation when non-ideal MSMFR conditions
The concept o£ a MSHPR crystallizer developed by Randolph and Larson 
(1962), has been extensively used by various investigators for the 
simultaneous determination of nucleation and growth kinetics in a 
crystallization system.
The population balance equation for an ideal MSMPR crystal!izer as 
derived in section 3.2 has the fallowing form;
n - n exp ( -L / G r ) 3.3
When plotted as In n against L this equation gives a straight line and 
most of the published data appears to follow such a law,
However, with the advent of more sophisticated particle size 
measurement techniques, which permit the delineation of the crystal 
size distribution in the near micron range, significant deviations 
from the ideal MSHPR model have been observed (Ramanarayanan, Athreya 
and Larson, 1980). Populations in this region were often found to be 
several orders of magnitude higher than that which was expected or 
could be rationalized. An illustrative example of such a phenomenon is 
presented in figure 3.2.
The following explanations for this non linear behavl . of the data 
have been proposed by Ramanarayanan, Athreya and Larson (1980):
1) Classified product removal from the crysttallizev.
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2) Direct birth into the measured size range.
3) Growth rate dispersion exhibited by the small crystals. 
h ) Size dependent growth of the small crystals.
The affect of each N 'he above explanations on the MSM5R crystallizar 
kinetics will be cussed in further detail ' in the following 
sections,
§
Figure 3.2 Hypothetical delineation of the semilog population
density plot in the near micron range arising from the 
advent of more sophisticated particle size measurement 
techniques
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3.3.1 Population balance equation when classified product removal 
from the MSMPR crystallizer occurs
According to iV^ ndolph (1965) classified product removal occurs when 
the mean retention probability of the particles vary for the various 
particle sizes. Removal of productt-size crystals may be accelerated or 
retarded relative co the ideal mixed removal case, producing narrower 
or wider CSD's chan the ideal MSMPR distribicion. Such product 
classification can occur inadvertently at the point of slurry removal 
from a mixed suspension, or deliberately from a size-classified zone. 
An example of the first type is intermittent product removal from a 
vertical boo- leg into which the larger crystals preferentially drift 
during the off portion of the cycle. Careful studies by, Randolph and 
Larson (1971), of solids removal from Mixed slurries indicate that 
appreciable classification always occurs unless the slurry stream is 
removed isokinetieally, i.e. at the same vector velocity as the 
circulating magma at the point of removal.
i^libewate size-classification can be achieved, in a mechanical sense, 
by several types of equipment such as elutriators, hydrocyclones, etc.
I I£- a solid-free liquor is available for counter washing,
classification by elucriation can limit product draw off to
essentially these crystals above a certain size. In actual practice, 
class,ifilcation devices such as hydrocyclones can be used to 
prefsi-er'tally remove particles larger than the classification size 
from 1 ‘he suspension, rather chan removing particles less than the 
classi2ication size from Che product. For the purposes of deriving the 
population balance, a classification model shall be used which is both 
idealized and yet realistic, especially with respect to the previously 
mentio'.wd classification devices.
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The idealised model for classified product removal vaa described by 
Randolph (1965) as follows: Assume chat crystals smaller than the
classification size L» are removed ac a rate Q«. while those greater 
than size L« are removed at a rate zQ., where z is a simple
constant. The floW rata Q, maintains the liquid level in the system.
The population balance derived in section 3.1, for this case, assuming
that all the requirements put forward in section 2.4 have been met,
(except the second one which assumes that no product classification 
occurs in the system), produces tihe following result:
H  + sf 2  + h<L) a . o  3.17
Where: h(L) - Size dependent withdrawal rata. h(L)-l for L<L«
h(L)-z for L>L»
Solving this population balance leads to the following suo results: 
n - n expC-L/Gr) for !.<L» 3.18
n - n exp((z-l)L»/Gr]exp(-zL/Gr) for L>L. 3.19
The derivation of these expressions has been done by Randolph (1963).
Figura 3.3 
cryscallizer
growth
slope
unicy, I.e. 
pare of che :
■ompares che characteriscic CSD form for an Ideal HSMPR 
with chae for a classified MSMPR cryscallizer. Noce chac . 
f che classified MSMPR cryscallizer cwo different crystal 
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Figure 3.3 Hypothecioal semilog population density plot for a MSMPR. 
cryscallizer with classified product removal
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3.3,2 Population balance aquation when direct birth into Che 
measured size ranges occur
The general population balance equation 3,3 derived in section 3.1 
appeared as follows:
- y a ?
Diracs birth occurs when nucleacion occurs because of the attrition of 
existing crystals in the system. Bdcausa -nuclal are produced at a size 
other than garo, the GSD can no longer be used to calculate nueleation 
races unless the variation of growth rate with crystal siza is 
independently known. If the variation of growth rata with crystal size 
is not known, equation 3.3 contains two unknown functions of particle 
size, namely size-dependent growth rata G(L) and the ''birth
distribution function Bi,L). The birth function, B(L), and the death 
function, 0(1) are interrelated, thus, it is patently impossible to 
uniquely specify both size-dependent functions 3(L) and G(L) using 
only the single size dependent •aessurement n(L) without further 
simplifying assumptions er independent: measurements. To overcome chis 
problem, Randolph and Cise (1972), and Youngquist and Randolph (1972) 
have assumed that all nuclei are produced at zero size, thus A(L)-0.
For the purpose of this discussion, a steady state crystallizer with 
mixed product removal, liquid feeds, and a crystal system in Which 
linear growth rate is independent of size, will be assumed. Taking 
this into consideration, aquation 3,3 reduces to:
Randolph (1969) states that the birth a*:d death functions, 3 and 0
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respeedVely, are included in the population balance to account for 
the fact, that crystal breakage involves a loss of particles at the 
size broken, and a gain of particles at the size of the resultant
It is obvious from the above population balance equation chat the only 
way to solve this equation is if expressions for the birth and death 
functions are presented. A complete description of these expressions 
are presented by Randolph (1969).
3.3.3 Population balance equation when growth race dispersion 
occurs in the MSMPS crystalllzer
According to de Jong (1986) there is substantial experimental evidence 
that, when exposed to constant external conditions of 
supersaturation, temperature and hydrodynamics, different crystals of 
the same size and of the same material can grow at different rates. 
This phenomenon has become known as growth rats dispersion. Most of 
the researchers doing work on this subject support the view that, 
although different crystals have different jrowth rates, s. given 
crystal usually grows at a consent rata at least for periods up to a 
few hours. This means chat size dependent growth does not occur. 
Another explanation for Che observed non-ideal behaviour of the MSMPS 
crystalllzer is presented by these researchers.
If growth rate dispersion occurs, the mass of crystals with high 
growth races increase more rapidly chan those of crystals with low 
growth rates. Crystals with high growth rates then contribute 
relatively more to the total mass, and the total increase in mass is
i would be expected on the basis of the average growth rate.
increase with crystal size and 
)6 interpreted in terms of a 
size-dependent growth race model. Any subsequent size analysis tends 
to separate Che larger fastar-growing from Che smaller slower-growing
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crystals, and if these size fractions are used for subsequent growth 
measurements, apparent size-dependent growth rates are again observed.
The causes of growth rate dispersion can be explained using the same 
surface integration process as will be discussed in section 3,3,4, In 
this case‘however it is assumed that different crystals have different 
values of s, the roughness of a crystal surface, and crystal size is 
not taken into account,
To modify the population balance in order to incorporate the effect of 
growth rate dispersion, Janse and de Jong (197S) suggest the
distribution to give an equation for n as a function of the average 
growth rate G on the assumption that G obeys a gamma distribution. 
The result was not very favourable since two additional parameters in 
the empirical expression for G were introduced. These two parameters
accuracy of Che CSS measurements was great enough.
Not all the investigators working in the field of crystallization 
support this view of growth rate dispersion. In fact, much
experimental work has been interpreted in terms of size dependent 
growth rates (Garside, Mullin and Das, 19'74: Garside and Jancic, 1976)' 
and several size dependent growth race equations have been proposed 
(Branson, 1960; Canning and Randolph, 1967 and Abegg, Stevens and 
Larson, 1968) for use in combination with population balance equations 
in CPD modelling. A further discussion of size dependent growth rates 
will be presented in the following section.
growth rate G must be handled as a disc 
authors integrated the balance equation
needed to be determined experimentally which could only be done if the
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3,3.4 Population balance equation when the crystal growth rates 
are size dependant
It is reported by Abegg, Stevens and Larson (1963) that crystal growth 
consists of three basic steps:
The diffusion of solute molecules from the bulk of the 
solution to the crystal-solution interface, followed by.
b) a surface reaction as the solute molecules arrange themselves 
into Cbr ital lattice, and
c) the ^ion of the heat of crystallisation from the crys 
solution interface back into the bulk of sha solution.
According to this author the effect of the last step on the overall 
growth process is small in comparison with the first two steps and can 
be ignored.
If Che growth race is limited by the rate of diffusion through a - 
laminar -film, the growth race is said to be diffusion-controlled. If- 
the diffusion resistance is lass than the "resistance due to the 
surface reaction, the growth rate is reaction controlled,
It was mentioned in section 2,4 chat in order for a MSMSR cryscalliaer 
to behave ideally, certain constraints must be met. One of these 
constraints is crystal growth rates must be size independent. Various.-, 
investigators such as Abegg, Stevens and Larson (1968) have shown that v. 
this constraint is difficult to meet and the non ideal behaviour of a 
MSMPR cryscallizer is usually the result of size dependent growth 
races exhibited by Che crystals.
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Three mechanisms for size dependent growth have been considered by 
Abegg, Stevens and Larsen (1968):
a) The effect of bulk or volume diffusion of solute to the 
crystal surface,
b) the effect of crystal size on the equilibrium solubility 
corresponding Co trhae size - i.e. the so-called Glbbs-Thompson
c) and the effect of size dependent surface integration kinetics.
Gatside, Phillips and Shah (1976) suggest that the first two effects, 
ate unlikely to be important over the size range 1-100 However,
the experimancal studies undertaken for the sake of this dissertation 
present evidence for both the first and third mechanisms.
Bach of chase three siss dependant growth mechanisms will now be 
discussed more fully.
Bulk or volume diffusion
For large crystals, if the growth rate is diffusion controlled, size 
dependent growth rates occur, The larger crystals have a higher 
settling velocity and hence a greater relative crystal-solution 
velocity. Since the diffusion boundary layer and the diffusion resis­
tance decrease as the velocity increases, the growth rate of the crys­
tals in a mixed suspension will be expected to increase with 
increasing crystal stse, This is exactly what is demonstrated in
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figure 3,4: The slope of the curve .decrease with, an increase in
crystal size and hence the crystal growth race increase with an 
increase in crystal size, (The absolute inverse of the.slope is 
proportional to the crystal growth rate as explained in section 
3.2.)
Figure 3.4 Hypothetical plot of an increasing growth rata with 
increasing crystal size
This bulk diffusion mechanism for largq crystals dcas not always 
ensure chut growth rate increases with crystal size because Banner 
(1962) presented data which indicated crystal growth rates which were 
inversely proportional to crystal size. This phenomenon i s  
illustrated in figure 3,5. Sennet believes that this affect is caused 
by classification taking place at boiling surfaces where the super■
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saturation may be considerably higher than in the bulk of the crystal 
suspension. His views are not supported by other experimental obser­
vations and the first idea of an increasing growth rate with an 
increasing crystal size seems more appropriate.
I
Figure 3.5 Hypothetical plot where growth rate is inversely 
pYOpoctioftal to crystal size
Garside, Phillips ar.d Shah (1976) report that for small crystals 
(1-200 pm) the particle Reynolds number will be small, and as the 
Reynolds number tends to zero the mass transfer coefficient kd will be 
given by a limiting value, If growth, in this region is diffusion 
controlled the growth rates will then increase wich decreasing crystal
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It will be shewn in chapter 6 4hat this phenomenon of a slight 
increase in crystal growth rates with a decrease in crystal site, for 
very small crystals, does occur in the ttungstic acid crystallization 
system studied in this dissertation.
Gibbs-Thomson affect
A complete discussion of the Gibbs-Thomson effect has been, presented 
by Garside (1980) and. Garside and Davay (1980). A^brief summary of 
their findings is presented here:
The solubility, cL, of a small.crystal is related to its diameter, L, 
by the Gibbs-Thomson equation:
™  - e:tp(4M7 / RTpcL) 3.13,
Where: absolution equilibrium concentration for crystal size L. 
c*-3ulk solution equilibrium concentration.
M -Molecular weight.
7 -Surface energy.
& -Gas constant, '
T -Absolute temperature. 
pe-Crystal density,
L -Characteristic crystal size.
From equation 3.21 it follows that the efface of crystal size on the 
solubility of a crystal is such as to increase the solubility with 
decreasing size. The driving force for growth, and hence the growth 
rata of small crystals is therefore less than that for larger 
crystals, The size at which this effect becomes significant depends on
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the interfaclal tension for the material in question. Although this is 
a quantity that is difficult to measure or predict with any accuracy, 
calculations performed by Garside (1980) using typical values indicate 
that the effect is unlikely to be significant for crystals larger than 
about 1 fim.
Surface integration kinetics
Size-dependent surface integration kinetics have been found to apply 
for the crystallization of potassium sulphate (Garside, Mullin and 
Das, 1974), potash alum (Garside, Janssen-van Rosmalen and Bennema, 
1975) And tiickel sulphate (Phillips and Epstein, 1974) crystals. Thr 
surface integration rates ware found to increase with increasing size 
for all these salts and the results could be empirically correlated by 
a power law equation of the form:
CSI a t* 3.22
Shera: Gg^ -Growth rate when surface integration kinetics is the 
limiting constraint.
L -Characteristic crystal size.
Y -0,7 for K2so4 and 0.5 for both potash alum and nickel 
sulfate.
The observation that surface integration rates increase with an 
increase in crystal size, is explained as follows by 
Strickland-Gonetable (1971). Very small crystals may often be born in 
a near-perfect state virtually free from defects. In a multi-crystal 
system such as a crystallizer, the fraction of crystals of a given 
size containing dislocations will then increase with increasing size, 
Since it is easier for a rough surface to grow chan a smooth surface, 
this leads to an increase in the average growth rate with an increase 
in the crystal size,
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The increase in the number of dislocaeions vich an increasing crystal 
size may occur for a number of reasons. Mechanical stress and the in­
corporation of impurity atoms into the lattice may both be important 
factors in initiating dislocations. In addition, the energy of crystal 
collisions will be greater for larger sizes and the chances of a crys­
tal colliding with the impeller, wall or other crystals will also be 
greater as a result of the increasing inertia of the crystal. These 
□ore energetic collisions may increase both the amount and severity of 
damage to the crystal surface.
The fact 'that a rough surfaced crystal grows easier can be explained 
using che theory of Burton, Cabrera and Frank (1951) that suggests 
that the surface-reaction controlled growth race of a crystal face is 
given by an expression of the fora:
G - C ~  Tanh (") 3.23
Where: G - Linear growth rate. 
C - Constant.
S - Supersacuration.
3.2L
Where: 7 - Surface energy.
a - Distance between growth units in crystal lattice.
3 - Measure of the "roughness" of the crystal face, 
k - Boltzmann constant.
T - Absolute temperature.
As- Mean displacement of surface.
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The value s is a measure of the "roughness" of the crystal face and 
Bennema and Gilmer (1973) suggested that as new dislocations are 
produced by mechanical stress, damage etc., the value of s may thus 
increase. The consequent reduction in ffc in equation 3.24 will 
result in increasing growth race G in equation 3.23 if all the ocher 
parameters in the above equation 3.23 remain constant. This appears to 
happen in the current cungstic acid system, and will be illustrated in 
section 6.4,3. \
A very thorough discussion of sisd-c>i?andent crystal growth mechanisms 
has been presented here. This is necessary since it will W  showi2'ri;n 
section 6.4.3 that size-dependent crystal growth %%%# adln
mechanism which leads to non-ideal HSMPR crystallizer re-SdXes1 in ;ihe 
present Cungstic acid crystallization study.
3.4 Selection of a size dependant growth rate model
Enough evidence has been obtained from the experimental work in 
section 6.4.3 to be able to say with confidence that the main reason 
for non ideal MSMPR behaviour observed for the cungstic acid system, 
is because of size dependent growth rates which occur, A size 
dependent growth rate model must new be proposed and tested on the 
experimental CSD data.
Abegg, Stevens and Larson (1968) list a number of desirable 
properties which . . \ * t be included in a realistic and useful growth 
rate model:
1) The growth race model fihould be continuous in a region which 
includes L-0.
2) The growth rate model should satisfy the condition G(0)/0,
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3) The zeroth moment and all positive moments of the population 
density distributions generated by the growth rate model should 
converge as discussed in section 3.2.
4) The (nodal, should be capable of fitting data which exhibit a 
groveh rate proportional to crystal size.
Several authors have proposed empirical size-dependent growth rate 
models (Bransom, 1960; . Canning and Randolph, 1967 and McCabe and 
Stevens, 1951). However, none of these models satisfy all of the above 
desirable properties.
A growth rate model which does satisfy all of the above points has 
been presented by Abegg, Stevens and Larsen (1968) as follows:
G(L) - G*(l+-fL)b -1 5 b < 1 3.25
Where: G(L) * Size dependent growth rate.
G « Growch rate of the nuclei sized crystals.
L • Characteristic crystal dimension.
7 - l/(G*r), where
r - Drawdown time of the crystallization vessel.
In addition, this model is capable of describing systems where growth 
rate is inversely proportional to size.
If this growth rate model is incorporated into the general population 
balance equation 3,3, and the only deviation from ideal behaviour is
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size-dependent growth, than the steady state population distribution 
corresponding to this model is:
Khere. n - Crystal population density,
K3 - exp(l/(l-b)]
n* - Nuclei population density.
For b-0 this model gives the same results as the ideal MSHFR 
crystallising system.
Introducing two dimensionless variables y and x, where y-n/n and 
X-7L, the above population balance can be rewritten as:
Plots of some of these dimensionless population distributors for 
different values of b are presented in figure 3.6. It is apparanc from 
this figure that the ideal population distribution will be obtained if 
b-0. For b values between 0 and 1 the population distribution is. such 
vhat an increase in crystal size results in an increase, in crystal 
growth rates. For b values between *1 and 0 the growth ratds are 
inversely proportional to the crystal size. i
(l-Wpi'b
K3n’(l4-yL)*b expj
(l+x)l-b
y - X3<l+x)*b exp
This proposed growth rate model 3.26 will be tested and the rajsults 
presented in chapter 6.

A. CRYSTAL SUCLEATIOtt THEORIES
In order to fully define a crystallization system, the type of
nucleation mechanism dominating the crystallization process must be 
known and expressed with an explicit expression.
Describing the nucleation and growth rates of a crystallizing system 
with explicit equations allows:
1. The results of experiments to be manipulated and graphed in
ways that allow understanding of the crystallization process.
2. The crystallization kinetics to be incorporated into 
analytical scale-up and/or design procedures.
According to Randolph and Larson (1971) various investigators have
shown that new crystal forma tioti can result from one, or a 
combination, of the following four nucleation mechanisms: Homogeneous 
nucleation, heterogeneous nucleation, secondary nucleation, and
attrition.
Homogeneous nucleation occurs from clear, highly supersaturated 
solutions when aggregates of solute molecules attain sufficient order 
and size to form a stable, solid particle. Heterogeneous nucleation 
generally refers to new particle formation resulting from the presence 
of foreign insoluble materials, eg. dust etc. These foreign materials 
provide sites where crystals can form because of reduced energy 
requirements, Secondary nucleation refers to nucleation induced by the 
presence of suspended crystals of the solute. It is to some degree 
similar to heterogeneous nucleation. It has alternatively been called 
breeding, ancillary nucleation, etc, Attrition is simply the 
mechanical degradation of suspended crystals in which pieces and
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chips of Che crystals become growing crystals. This type of nucleation 
la basically the same as secondary nucleation and will not be further 
dealt with as a separate nucleation mechanism. Each of"the other three 
nucleation mechanisms will now ba discussed in sections 4.1 to 4.3 
while the effects of nucleation and growth kinetics on CSD will be 
illustrated in section 4.4.
4.1 Homogeneous nucleation
The fundamental exv..nssion for the rate of homogeneous nucleation was 
proposed as an Arrhenius-type relationship by Randolph and Larson 
(1571):
s'-C EXP(-dG*AT) 4.1
Where.: 3 - Homogeneous nucleation rate.
C - Proportionality constant.
AG*- Free energy of formation of a nucleus. 
k - Boltzmann's constant.
T - Absolute temperature.
The free energy of formation AG* i.i the sum of a bulk and a surface 
contribution. It is difficult Co assign a meaningfull value to this 
quantity because of the very small surface area of the nucleus and the 
virtual impossibility of measuring such quantities. Studies purporting 
to verify this equation generally involve calcu1 nitig the surface 
energy from the experimental nucleation rate dace. And then making a 
judgement as to the reasonableness of its magnitude. Most results have 
bean inconclusive, however (Randolph and Larson, 1971).
4,2 Heterogeneous nucleation
Another nucleacion modal has been proposed by Randolph and Larson 
(1971) which accounts for heterogeneous nticleation effects:
fl* - fln m|^ -(lAT).a67rff3v/3kTlog2S)bj 4,2
Where: B - Nucleation rate.
Bn Dependent on the number of nucleus sites available for 
nucleation. 
k - Boltzmann's constant.
<r - The surface tension.
T » Absolute temperature.
S - Supe.rsaturacion of the crystallizing solution. ,
b - A factor less than one.
Little jftieeees has been achieved in predicting experimental behaviour 
using this equation.
4.3 Secondary nucleation
Recent work attempting to characterize the nucleation phenomena, in 
crystallizers has shown that the principal phenomenon is secondary 
nucleation (Larson, 1981; Desai, tUchow and Timm, 1974 and Youngquilst 
and Randolph, 1972). Hence, much effort has been devoted to determine 
the mechanisms and kinetics of secondary nucleation.
Several investigators have provided insight into these mechanisms. 
Mason and Strickland-Constable (1966) have suggested that three types 
of nucleation occur in the presence of seeds, The first is initial 
breeding which results when dry se* . . / laced in solution and when
microscopic crystal dust washes •. u ,, seeds to form nuclei. The
second is needle breeding resv . :..om the breakage of large
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dendritic growths. The third is collision breading in which 
nucleation is induced by collisions of seed crystals with solid 
surfaces. Of these, only the last is a major source of secondary 
nuclei in well-designed crystallizers.
Lai, Mason and Strickland-Cons Cable (1969) were the first to 
demonstrate conclusively the existence of collision breeding. Using 
MgS04,7H2O, KC1, and K crystals, they showed that fluid shear alone 
does not give rise Co nueleaeion when a cured seed crystal is placed 
in a supersaturated solution. Crystal-solid contacts, however, did 
produce nuclei. Clontz and McCabe (1971) observed chat single
crystals subjected to fluid shearing forces at intermediate Co low 
levels of supersaturation did noC give rise to spontaneous nucleation, 
but a crystal contact was required to initiate nucleation. When a 
crystal collided with a surface or with a second crystal, profuse 
nucleation occurred. Crystal/crystal surface contacts were more 
fruitful than crystal/non-crystal contacts. Crystal edge collisions 
and sliding contacts greatly increased the number of nuclei.
Johnson, Rousseau and McCabe (1970) extended this work to show that 
surface roughness and hat'dness of the crystal face as well as the 
hardness of the contacting surface affect the number of nuclei 
produced.
These studies have shown that secondary nucleation is predominantly 
due to collision breeding. That is, nuclei result from the collision 
of seed crystals with solid surftees, which in the case of a MSMPR 
erystallizer may be other crystals, impeller blades, or crystallizer 
surfaces.
The intrinsic mechanism for collision breeding is unknown. Powers 
(1963) postulated a two-i'cep growth mechanism by which solute 
aggregates first diffuse to crystal surface regions and then become 
incorporated into the intricate lattice structure. If Che lattice
Lnfiorpota.ei.on step is rate deMmining, a surface zone of partially 
oriented salute aggragates develops. Upon collision chis partially 
oriented naCerial is displaced from, the crystal mother liquor 
interface into Che bulk of che fluid. If the size of the decached 
cluster exceeds the critical radius, a nucleus will be formed.
If. it is assumed that collision breeding constitutes che main part o£ 
secondary nucleation, explicit equations for this secondary nucleacion
can chen be postulated. Three different models have been proposed and
each of those models will now be discussed:
A) According to Desai, Ra'c'riew and Tiam (1574) if che ra^ e of collision 
breeding is relaced to che frequency of collision, one wouj.d expect 
secondary nucleacion to correlate vich .the cocgl number of crystals 
within che suspended magma. Inasmuch as *hi> ' . il nucleus size and 
the extent of aggregate orientation v ■ ^  boundary layer are
functions of supersaturation, supersaturation will also be a 
variable.
n1 - Ks 5s 4.3
Where: B * Secondary nucleation race as a function of the cotal
number of crystals in the suspended magma.
Ky * Proportionality constant.
S - Solution supersaturation,
Ne » Total number of crystals in magma, 
s and p are both kinetic orders.
B) Cayey and Estrin (1967) observeti j,c was necessary for seed 
crystals co exceed a ainiaya si-1 they becaae nuclei
generacors. Since che total number of -^ -/assls in a ste.idy stace MS MP3, 
crystallizer is comprised principally of particles near nuclei in 
size, an argument exiscs for the invessjigscion of other nucleation
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rate models, Shor and Larson (1971) postulated that the surface of a 
crystal may be composed of a number of -cslve sites, possibly formed 
by surface Imperfections, They reasoned chat a surfactant would 
increase the reactivity of sites, whereas an adsorbed ionic impurity 
would decrease such activity. Experimental observations were 
consistent! with such a model. If it is further reasoned that the 
number of sites per S'irface area is constant, the rate of nuuleation 
would be expected to be a function df the total interfacial crystal 
area as well as the fundamental mass transfer driving force, i.e. 
supersaturation. Their model was as follows:
fl" - Ka Sw Ack 4.4
Where: B° - Secondary nucleation rate as a function of the total 
interfacial crystal area.
Ka - Proportionality constant.
S - Solution supersaturation.
At - Total intarfacial crystal area, , 
w and k are both kinetic orders.
C) The assumption that secondary nucleation is dependent upon 
suspension density has been made by Larson, Timm and Wolff (1968), and 
Rosen and Hulbert (1971):
B- - K„ S1 ».tj 4.5
Where: B - Secondary nucleation rate as a function of the 
suspension density of the crystal magma.
- Proportionality constant.
S - Solution supersaturation.
- Suspension density of the crystal magma, 
i and j are both kinetic orders.
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Desai, RachtiW and Timm (1974) showed chac the model represented by 
equation 4.5, where the sate of nucleaeton is correlated in terms of 
supersaturation and suspended i/iagma density, Is the most appropriate 
model to use to express the secondary nucleatlon kinetics in a MSMFR 
crystallizer In an explicit equation. This is also the expression 
which will bo used In this dissertation.
In many systems, j was found Co be unity. It is important to note that 
the temperature level and the presence of foreign soluble or insoluble 
material can also effect all quantities and parameters in the above 
expression 4,5.
4.4 Effects of nucleatlon and growth kinetics on CSD
This section ignores the fact that crystal grown" rates may be a 
function of a variable ocher than simply supersaturatlon. Although 
this is incorrect as has been proven in this dissertation, it 
satisfactorily serves to illustrate the effects which nucleatlon and 
growth kinetics may have on CSD.
Various empirical expressions for nucleatlon rates were presented in 
sections 4,1 to 4.3. The empirical expression usually used by Randolph 
and Larson (1971) for the crystal growth rate Is a simple function of 
supersaturatlon:
G - G(S) 4.6
Larson, Timm and Wolff (1968) developed a power law model to aid in 
evaluating crystallization systems where homogeneous nucleatlon is the 
dominant source of nuclei, This system is modelled by the kinetic 
aquations:
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- Crystal nucleacion i
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- Kinetic order.
- Crystal growth race.
- Proportionality cotu
By combining equations 4.7 and 4,8 the supersaturation can be 
eliminated to obtain:
S* - kj Gi  4.9
Sie value of 1, the kinetic order, can be found by plotting In B* 
versus In G. The model is an adequate representation of the 
crystallization system when the plat is a straight line. The slope is 
then equal to i.
When the above equation is an adequate model of the crystallization 
system, the crystal size is enhanced when the suspension density is 
incresaed. The lower the order of 1, the greater will be this 
enhancement. Figure 4.1 shows typical effects of different
population densities on the CSD of a cryscallizer. The development of 
the equations relating suspension density to growth race, nuclei size, 
and dominant crystal size are given in a article by Larson, Timm and 
Wolff (1968).
Figure 4.1 Comparison of CSD from crystallization's vich different 
suspension densities (nonseconcUry nueleacion)
the effects of both supersaturacion and suspended solids 
included in the nueleacion model. Such a model has been 
presented in section 4.3:
Eliminating supersaturation using a linear form of the growth rate 
model (equation 4.8) gives:
3* - kR MtJ C1 4,10
This model tacitly assumes that nucleation occurs only in the presence 
of suspended solute solids.
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Larsen, Timm and Wolff (1968) again showed die development of die 
equations relating suspension density to growth rate, nuclei density, 
and dominant crystal size. For the case where j-1 the suspension 
density is linearly related to the nucleation rate, The same CSO 
results for different suspension densities regardless of the kinetic 
order of its dependency on supersaturation. This is illustrated by 
the parallel lines in figure 4.2.
Figure 4.2 Comparison of CSD from crystallization's with different 
suspension densities (secondary nucleation)
For the case of 0<j<1, the overall CSD will be enhanced by increases 
in suspension density. The maximum enhancement will occur as j 
approaches 0. For the case of j>l, the overall CSD will be reduced as
suspension density is increased.
IC is important: to do an analysis of the kinetic data for a 
crystallization system, since this can yield an understanding of the 
fundamental factors controlling the crystallization. Of equal 
importance is the need to determine the effect of the controllable 
variables upon properties desired in the product being produced in the 
crystallize?. Interrelationships of the independent parameters need to 
be determined. A designed experiment can bring to light which 
parameters are significant and what combination of these parameters 
can optimize product properties.
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5 EXPERIMENTAL
This chapter has been divided in foiti: sections: The first section 
describes the experimental apparatus which was used to generate the 
experimental data. Section 5.2 describes the reagents used in the 
experiments, Section 5.3 summarises the analytical techniques used to 
analyse the experimental results, and finally section 5.4 describes 
the experimental procedures adopted for the experiments.
Two sacs of apparatus were used: An electrolytic membrane cell 
arrangement which converted .sodium tungstatte solution to a eungsttic 
acid- solution, and a K3KFR crystallizer arrahgemeht which wti "ultd to 
crystallize the tungstic acid crystals out of the electrolyrically 
produced tungstic acid solution. The first piece of apparatus was 
used merely to produce the liquor with which the actual 
crystallization experiments were performed while the second apparatus 
was the piece of equipment used to generate the experimental CSD data.
5.1.1 The electrolytic cell arrangement
The electrochemical cell consisted of an anode compartment separated 
from a cathode compartment by a cation selective membrane. The anode 
compartment contained a DSA 4107-4T anode plate with a TIR-20QG 
oxygen-evolving coating, The cathode compartment contained a stainless 
steel place. The anode and cathode places were parallel to each ocher 
and separated by a cation selective membrane. There was a gap of 
approximately 10mm between either of the places and the membrane, The
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The cacion selective membrane consisted of a physical support upon 
which a polymer with highly ionisable functional groups is supported, 
The result was a rugged sheet having ion selectivity and corrosion 
resistance dependent on the nature of the polymer used. The membrane 
used was manufactured by lonac Chemicals (USA) and was identified as 
the MC-3470 type membrane. For a complete ^ascription of the chemical 
composition of the membrane refer to Appendix E.
The makers, lonac Chemicals, quote the following specifications:
Electrical resistance: 0.1N NaCl - 12 O/cm^  (A.C. measurement)
1.0N NaCl ~ 6 O/cm^  (A.,C, measurement)
% Perm, selectivity : 0.5N NaCl/ 1.ON NaCl - 96,2%
Ion exchange capacity: 1.22 mEq/g
Water permeability : <30 ml/hr/vt^ /Spsi
Plastic turbulence promotors were used in both the anode and cathode 
compartments to promote the turbulence in the compartments and to 
ensure that the electrode plates did not contact the membrane. A Kepco 
power supply rectified alternating current to direct current and was 
used to maintain a constant electrical current to the cell.
The temperatures of the catholyte and anolyta solutions were kept 
constant with the use of two heat exchangers and two heaters.
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eLaccrolyeic cell Is schematically presented in
figure 5.1.
:a(.hoI ula pec^cl
AnoNLa f>eeMc;
z x
Figure 5.1 Schematic representation of the entire electrolytic 
cell apparatus
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5.1.2 The MSMPR crystallize*
A discussion is presented in section 2.4 which justifies the use of a 
MSMPR. crystallizer. In addition, the reason for using an evaporative 
crystallizer is explained by Randolph and Larson (1971). According to 
them, the evaporative technique is suitable for solutions which have 
product solubilities with small or negative temperature dependence. 
Since che solubility of Tungstic acid in water is vetfy low at high and 
low temperatures (Perry and Chilton, 1972; Weast, 1976), the 
evaporative MSMPR crystallizer seemed to be the most appropriate 
crystallizer to use.
The solution was evaporated by boiling under atmospheric pressure 
because according to Stephen And U^ ngr (1981}, if the tungstic acid-is 
produced at a low temperature the white- amorphous form of mecatungstic 
acid anhydride (WO3.ZHgO) results. With a high temperature (±100 "P) 
che orange-yellow crystalline monohydrate (WOg.HgO) form can be 
produced. Since the crystalline form is the desired form it followed 
that boiling under atmospheric pressure is the correct way to 
evaporate the solution.
Basic requirements for a MSMPR crystallizer
According to Randolph and Larson (1971) certain procedures needed to 
be followed to meet the requirements of the idealized MSMPR 
crystallizer as closely as possible:
1, The crystallizer had to be well mixed.
2. The product stream had to be removed in a manner that did not 
change any properties from the values of the overall crystal-
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3. The vessel had co be large enough so thac adequate samples 
could be obtained without appreciable disturbance to the system.
4. The experiment had to be run long enough co reach steady
Great care was taken to try and satisfy all these requirements. The 
way this was done is explained in the following paragraphs:
The -first requirement (uniform suspension, well-mixed) can usually be 
accomplished in a laboratory scale.quite easily, but. this, becomes more 
difficult to achieve as the scale of size is increased. In order to 
satisfy the first requirement, a crystallizer with a draft cube yas 
designed. Agitation was provided with a propeller placed
concentrically in the draft tube. Vertical vanes in the annular space 
helped to reduce the radial motion of the circulating slurry. The 
draft tube is usually suitable for minimizing power input to achieve a 
maximum uniformity of suspension. This is very important if studies 
intended to determine the effects of crystal-crystal contact on 
nucleation rate are to be made,
The second requirement, that of obtaining a representative product 
stream, was important but was not always easy to obtain. Ideally the 
withdrawal procedure should be isokinetic, Randolph and Larson
(1971) recommended the use of a withdrawal tubs placed parallel to the 
direction of the slurry flow. .Furthermore, the withdrawal velocity 
should reasonably match the circulation flow velocity at the 
withdrawal tube tip. The flow rate in the sampling tube should also 
be sufficient to prevent appreciable settling. Because of the small 
crystallizer volume and residence times chosen, the flow rate out of 
the crystallizer was small, hatching velocities necessitated very 
small diameter tubing at the withdrawal point, affecting the ability
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to remove different size crystals equally, Therefore intermittent 
product removal was necessary. This was accomplished using
conductivity probes and a vacuum withdrawal system. The vacuum 
withdrawal system ensured that no crystal breakage occurred during 
product removal as would have occurred had a pump been used.
Requirement number three stated that the volume of the crystallizer 
had to be adequate, According to de Jong (1984) previous investigators 
performed chair crystallization studies in large volumed test
equipment (i.e. from 1 to 100 L), Because these people used sieves to 
analyse the crystals and obtiin the CSD oE the experiment, this 
required large sampling volumes. According to Randolph and Larson 
(1971) ho ••Moire than 10 % of the crystallizer contents should be 
removed during one intermittent product removal cycle so that 
residence time is not significantly changed. Because of this, very 
large crystallizers volumes were required in order for the system to 
absorb the disturbance created by taking a sample. In the present
study however, a Malvern particle size analyzer was used to determine 
the CSD. This procedure required only small samples of the
crystallizer magma with the result that the crystallizer could also be 
much smaller than those used by previous experimenters. Another 
advantage of the small crystallizer volume was that because of the 
high cost of tungsten smaller amounts of tungstic acid solution was 
required to complete each experiment.
The fourth requirement was steady state operation. According to
Randolph and Larson (1971) steady state is usually attained in 10 to 
15 residence times for operations where residence time is in the range 
of 0.25 to 1 hour, In order to satisfy this requirement the first 
sample was taken only after approximately ten residence times were
expired.
The eryseallizar arrangesienc ,
:
The eryscallizer apparatr^-ycnsistad of a one licet Pyrex glass beaker 
with a draft cube arrangemaftt in lb as shown in figure 5,2. This draft 
tube consisted of a SOmm'diameter- Pyrax glass tube open at both ends 
with four Pyrex glass vanes adhered vertically to the tube. The tube 
was arranged vertically in the beaker with the vanes fixed Co the tube 
in such a way that the vav.es acted as the legs of the tube. This 
created a spacing between the glass tube and the bottom of,the beaker 
with the result that solution could flow in and out of the draft tube. 
The dimensions of the draft tube was such that the top of it was 
submersed in the ^crystallizing solution for the complete period of 
each run.
S 3
d o
Figure 5.2 Schematic representacion of the entire crystallizer 
apparatus
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The glass be&kar was immersed in an oil bach which acted as the heat 
source to boil the solution in the beaker and to insulate the beaker 
on the sides. Stirring of the solution in the crystallizer was 
accomplished using a glass propeller fitted concentrically in the 
draft Cube. It forced the solution down Che draft tube an up on the
outside of the draft tube, between the draft tube an the wall of the
This stirrer was calibrated before use. The razmlting calibration 
curve is shown in figure 5.3,
Figure 5.3 Calibration curve for the stirrer used in the MSMPR 
crystallizer
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the level In the crystallizer was controlled with a conductivity level 
switch, type CA, manufactured by Terry Ferraris & C. This 
conductivity level control system consisted of two elements:
- A conductivity probe 
• An electronic signal board.
The principle of the level " control operation depended =10 the 
measurement of the electrical conductivity inside the tank to be 
controlled. The electrical conductivity was measured between the 
probe and the counter electrode as shown in figure 5.4, The system
operated on two different conductivity values; one was produced during
the conditions when the electrodes wets immersed in air or gas, and
the second in which the liquid was present between probe and counter
electrode. The conductivity variation between these two conditions 
was measured by the probes and passed to the electronic signal board 
which switched the output relay, which in turn switched a two way
Figure 5.4 Schematic representation of the conductivity level 
controller in the crystallizer
direct acting solenoid valve in an open or shut position. This valve 
was part of the product withdrawal mechanism which enabled 
intermittent product withdrawal using a KNF Neuberger diaphragm vacuum
The solid-free erystallizer feed containing dissolved tungstic acid 
was pumped into the erystallizer using a variable speed, H. 
Flow-inducer type MHRE, peristaltic pump, This peristaltic pump was 
calibrated before using it. The calibration was done using a typical 
tungstic acid solution at a constant room temperature of 25 "C. The 
resulting calibration curve is presented in figure 5.5.
P u m p  e a s t i n g ,
Figure 5.5 Calibration curve for the variable speed peristaltic 
pump used to pump the tungstic acid solution into the 
MSMPR erystallizer
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5 .2  &i*«genC9
Initially sodium eungstata solutions acquired from Board Hardmetals 
(Fey) Led were used. These solutions contained impurities such as 
molybdenum, silica, phosphorus, arsenic, and chlorides. All these 
impurities, exctipt the chlorides, could be removed using the methods 
described in Appendix >>.
The presence of the chlorides posed a problem that would net have been 
present had the soda ash pressure leaching process been used to 
produce the sodium cungsta.ee•.
According to Comey and Hahn (1921) the solubility of tungstie acid in 
water increases dramatically in the presence of chlorides. The result
was that no tungstie acid crystals could be formed in a reasonable
time in the evaporative MSMPR crystallizer because of che high
equilibrium solubility in the presence of chloride ions.
Realising that this problem would not arise using solutions from a 
soda ash pressure leaching process, it was decided to prepare sodium 
tungstate solutions that were free of chlorides, and for that matter, 
frae of any other impurities, Besides the fact that no chlorides would 
be present, this procedure also aided to achieve reproducible
crystallisation results.
Preparation of sodium tungstate solution
The preparation of such a pure sodium tungstate sol^Jion was 
follows:
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Hardmetals (Pty) Ltd. These crystals were dissolved in a
stoichiometric excess amount of hot caustic soda solution. The 
following reaction occurred:
2HaOH + r-* NagWO^  + ZNH^ OH 5.1
The resulting ammonium hydroxide in solution dissociated co form 
ammonia and water and the ammonia was chen driven off by boiling the
NH^OH H20 + SHjt 5.2
Any residual ammonia in the sodium Cungstate solution entered into the 
electrolytic cell along wich the sodium tungstate. Here ic was eisher 
driven off because of the heat of the solution or it was transported 
across the membrane in the form of ions along with the ifa+
A very dilute caustic soda solution was used as che catholyte solution 
in the electrolytic call arrangement and a very dilute hydrochloric 
acid solution was used to wash the crystal,! obtained from the 
crystallizer.
5.3 Analytical techniques
The various analytical techniques used are described below.
5,3.1 Analysis of the Na and V contents in the electrolytic cell
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During the production of the tungstic acid solution In the 
electrolytic membrane cell the Na:W ratio in the anode had to be
closely monitored in order for this ratio not to drop below a certain
preset level. This was done for reasons that will be discussed in
section 6.1.3. These analyses of the sodium and tungsten
concentrations in the anode were done using an Atomic Absorption 
machine.
5.3.2 Determination of the specific gravity of the tungstic acid 
crystals
The specific gravity (S.G.) of the tungstic acid crystals produced in 
the crystallizer had to be measured. This was done using a liquid 
pychnometer. The following procedure was followed (Fourie., 1983):
1. Measure the weight of the dry S.G. bottle, (A)
2. Fill the dry S.G. bottle with water, allowing no air bubbles 
to be present, and measure the weight of this configuration. (B)
3. Dry the S.G. •bottle, put in the tungstic acid sample and weigh 
again- (C)
4. Fill the bottle containing the tungstic acid sample with 
water, with no air bubbles present and weigh, (D)
The calculation of the S.G. is then as follows:
S O -  — ■ C*A---
S-G’ (OBMA+D) 5,3
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5.3.3 Determining an X-ray diffraction pactem for the tungst.ir, acid
crystals
An X-ray diffraction pattern of the tungscie acid crystals was 
obtained. This was done because according to Reed-Hill (1968) X-ray 
diffraction patterns can be used Co determine whether a substance Is 
crystalline or not.
5.3.4 Determining the CSD for each experimental run
Representative simples of the crystalline material suspended in 
solution were taken from the MSMPR. crystallizer after approximately 
ten crystallize?, residence times, whereafter steady acase conditions 
could then be assumed (Randolph and Larson, 1971),
The volume of the slurry sample was measured and the sample was than 
immediately filtered using a pressure filter, The crystals were then 
resuspended in a slightly acidified distilled water solution. This 
prevented redissolving of vhe crystals or further growth of tha 
crystals. It did not matter that the crystals wera suspended in a 
different volume of a different liquid because the samples were 
analysed using a Halvero Particle Sizer 3600 E type and the results 
were presented as % mass fractions in the different size fractions. An 
example of such a result sheet is presented in section 6,3.
5,4 Experimental procedures
5.4.1 Operation of the electrolytic cell
The anolyte solution consisted of a pure sodium tungstate solution 
containing small amounts of ammonium hydroxide. The preparation of
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chis solution was discussed in section 5.2. The eaeholyre solution was 
a diluted caustic soda solution. Both the anolyte and catholyte 
solution volumes was initially 6 L.
Before the cell operation was started, the cation selective membrane 
needed to be thoroughly wetted. This was accomplished by pumping the 
anolyte and catholyte solutions through the cell for approximately 
one hour. The temperatures of both the anolyte and catholyte solutions 
were heated up to a constant temperature of 30 *C.
After chis the amount of sodium in the anolyte was determined and the 
current density chosen. The time needed to convert all the sodium ions 
across the membrane was then calculated using Farady's equation. 
(Refer to Appendix 0 for a short summary of chis equation.) Only" after 
all these procedures Were completed"was the cell operation Started.
During the cell operation frequent samples of the anolyte solution 
were taken in order for the Ka;W ratio in the solution to be 
monitored.
After the desired Na:W ratio had been obtained (approximately 1:80 by 
mass) the cell operation was stopped, and the resulting tungstic acid 
solution transported to a container from where the crystallization 
part of the operation took place.
5.4,2 Operation of the MSMFR crystallizer
The tungstic acid solution produced in the electrolytic cell was 
stored in a 25 1 glass storage container. The solution temperature was 
kept constant at 30 *0 and the solution was continuously stirred, From 
here the solution was continuously pumped into the crystallizer using 
a variable speed peristaltic pump, Different flowrates were used for
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different experimental runs. Great care was taken to ensure chat the
solution going into the crysttalllzer contained no Cungstic acid 
crystals. In the crystallizer the solution was stirred continuously 
using the glass stirrer in the draft tube.
The cungstic acid solution in che MSKPR crystallizer was heated for a 
sufficient length of cime until it reached a constant boiling 
temperature of 95*0 after which Che seed crystals were introduced into 
Che crystallizer. The introduction of seed crystals at the beginning
of the run. was done once only for each run. Seed crystals were
necessary since no crystallization occurred in the crystalizer if no 
initial seed crystals were added, A constant amount of 0.1 g seed
crystals, with a constant CSD, was introduced in each of the runs. 
After the introduction of the seed crystals the crystallizer system 
was left undisturbed for a duration of at least tan residence times 
before sampling of the crystallizer contents was conducted.
Yellow cungstic acid crystals were formed in the crystallizer. 
According to Stephen and Wang (1981) the monohydrate, WO3.H2O, will 
be formed if che crystallization temperature is approximately 100'C. 
According to Perry and Chilton (1972) this monohydrate of tungsten has 
either a rhombic or an orthorhombic cry cal structure with a specific
gravity (S.G.) of 5.5.
The liquid level in the crystallizer was controlled using che 
conductivity probes in the beaker which activated a relay valve in the 
product removal line in an open or shut position. The product removal
line was connected to a vacuum line with which the product was removed
from the crystallizer, The product removed from the crystallizer was 
stored in another 25 1 glass storage container.
Samples from che crystallizer wore eaken manually using a piece of 
cubing with the same diameter as Che product removal line. The 
diameter of this line was such that the vector velocity inside the
produce removal line was approximately the same as chac inside Che 
crysCallizer. this dlamacer was obtained experimentally and the 
diamecer used for the sake of ehe experiments was 8 mm. Using a 
separate piece of tubing for the samples ensured chat no dead volumes 
occurred in the sagnling volume which helped to improve the 
reliability of Che samples.
The heat source for the crystalliaer '|ras an oil bath. The temperature 
of this oil bach was kept constant duping a run by means of a heating 
coil with a temperature controller Connected to it. The variance of 
this oil bath temperature during a run was negligibly small.
Various runs were conducted with various different conditions. All 
the data-are presented in Appendix G,
6 EXPERIMENTAL RESULTS
This chapter summarises all che experimental results obtained from the 
various *«periments conducted for the purpose of this dissertation. 
Section 6,1 describes an experiment using the electrolytic membrane 
cell operation which was conducted to deGenuine the membrane 
efficiency of the cation selective membrane for the electrolytic 
removal of sodium from sodium tungstate to produce dissolved tungstic 
acid. Section 6.2 briefly summarises tihe experiments which were used 
to investigate the crystallization5of the tungstic acid crystals from 
solution. It is concluded that tile specific gravity of the crystals 
produced is close to that of the" tungsten monohydrate, WO3•RgO, It 
is also shown that an X-ray diffraction pattern exists for these 
crystals which indeed proves that the material is crystalline.
Section 6,3 explains the method used to calculate the CSD for each 
crystallization experiment which wjis conducted. It is shown that the 
assumption of a spherical shape for the crystals is justified, 
Section 6.4 investigates the possible causes for the non-ideal 
behaviour of the MSMFR crystallisier, and it is concluded that size 
dependent growth of the crystals 4 is the main reason for this 
behaviour. The subsequent size dependent growth rate model to be 
incorporated in the population balance equation to account for this 
non-ideal behaviour is then summarisjed in itection 6.5 and the fitting 
of this model to the experimental data is- discussed. The joint 
confidence region for the two parameter growth rate model is 
calculated in section 6.6. Section 6.7 discusser; .the major nucleation 
processes apparent in the current crystallization system, and come to 
the conclusion that secondary nucltiation is the dominant nucleation 
mechanism in this sysfcem. The behaviour of the crystallization system 
with varying experimental conditions is discussed in sections 6.8 and 
6,9 and the empirical expressions used to describe the nucleation and 
growth kinetics are derived in section 6.10,
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6.1 Electrolysis of dissolved sodium cungaea.ee to produce dissolved 
timgstie acid
Experiments were conducted which involved the production of tungstic 
acid solution in the electrolytic membrane cell, and then Involved 
crystallization of pure tungstic acid crystals in the MSMPR 
crystallizes,
An experiment was performed which permitted calculation of she 
membrane efficiency of the electrochemical cell for transporting 
sodium ions from the sodium cungstate analyte solution across the 
cation selective membrane co the caustic soda catholyta solution. This 
experiment is described in section 6,1.1. The change in voltage drop 
during the experiment reported in section 6.1,1 is described in 
section 6,1,2.
It was obsen". /that tungstic acid solids'/ were formed in cha 
electrolytic .-L^lOthe cell was run for a sufficiently long period 
of . time. T - is were amorphous and a nuisance in the efficient 
working of e. ,'l\ , This problem was overcome by regulating the 
sodium contan- the anolyte solution. Section 6.1,3 has a complete 
description o i ,ils aspect.
6.1.1 Membrane efficiency for the electrolytic removal of sodium frofi 
sodium ttmgscate using a cation selective membrane
Figure 6.1 shows a plot of sodium ion concentration in the cacholyte 
versus time during electrolysis in the electrolytic membrane cell, The 
raw data for this run is presented in Appendix L. This plot shows chat 
that there are two distinct regions present. Initially, sodium flux is 
constant at a membrane efficiency of 69%. At a cacholyte Ma4- 
concentration of around 12 g/1 the flux drops very rapidly to a
constant value corresponding to a membrane efficiency of approximately
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18%. Refer to Appendix D for definitions and details concerning che 
calculations of these membrane efficiencies.
Figure 6.1 Ploe of sodium ion concentration in the caeholyte versus 
the electrolysis time in the electrolytic membrane cell. 
Refer eo Appendix L for che data which was used to 
construct this plot
A possible explanation for Che observation of two distinct membrane 
efficiency regions is chat che transition from a high to a low 
membrane efficiency occurs nc che point where nearly all the sodium
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ions have been transported across the membrane and the dissociation of 
vatar becomes excessive. From the experimental data in Appendix L it 
is seen that this might be the case because the If a’1" concentration in 
the anode compartment dropped bal-r. 2 g/1 in the low efficiency
Previous investigators, Verbaan, Greenslade and Wade (1984), reported 
membrane efficiencies for the removal of Na from NajWO^ as high as 
80%. In their case the anode solution had only one cation species, 
Na+, and not two as'in the present case where both Sa* and a small 
amount of- were present. The reason for the presence of this
second, species has been explained in section 5.2. In this case both 
the cation species may have been-simultaneously transported through 
the membrane with the result that the net membrane efficiency for the 
Sa flux was lower than expected.
6.1.2 Voltage drop across the cell
Figure 6.2 shows the observed voltage drop across the cell during the 
electrolysis experiment reported in section 6.1.1:
Initially the voltage drop decreased as the run proceeded and then"ic 
reached a minimum value before increasing again, The decrease in 
voltage drop could be attributed to an increase in the initially lew 
catholyte concentration since the electrical resistance of the cell is 
governed largely by the conductivity in the anolyte and catholyte 
compartments. The increase in voltage drop may have been the r&sult 
of the decrease in the amount of available euc*ons in the anode 
solution.
Figure 6.2 Ploc of observed voltage drop across the cell versus the
electrolysis time in "the electrolytic membrane call. Refer 
so Appendix L for the data which was used to construct 
this plot
6.1.3 Efface of residual anolyte sodium ion concentration on the
precipitation of amorphous tungstic acid,during electrolysis of 
sodium tungstate to form dissolved tungstic acid solution
Soluble tungstic acid is formed in the anolyte when Na+ ions are 
removed from the sodium tungstate solution and transported across the 
membrane. (Refer -to Appendix B for a description of the chemistry in 
the cell.) The tungstic acid formation resulted in a rapid pH drop 
until it reached a point where the tungstic acid sparted to 
precipitate in the cell{circuit.
The precipitation of such amorphous tungstic acid in the cell circuit
was undesirable, so the concentration of Ma'i", relative to the
tungsten concentration in the anolyte solution was checked so that the 
solution could be removed before the [Na+] to [M®+] ratio dropped 
too lotiX This ratio was in the order of approximately 1:80 g/1. The 
residual sodium ions were present as NagWO^ , which did not play a 
la" the subsequent crystallization of in the MSMPR
c-.„ 'KV-aiizer.
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6.2 Crystallization of the tungstic acid solution
After the production of the tungstic acid solution in the anode 
compartment of tba electrolytic cell it was transferred to a storage 
container from which the continuous feed to the MSMP& crystallizer was 
pumped using a peristaltic pump.
The tungstic acid solution in the MSMPR crystallizer was heated for a 
sufficient length of time until it reached a constant boiling 
temperature of 95*C after which the feed crystals were introduced into 
the crystallizer. The introduction of feed ciyVt&ls at the beginning 
of the run was done once only for each run. [
feed crystals were necessary since no crystallization occurred in the 
crystalizer if no initial seed crystals were added. A constant amount 
of seed crystals, with a constant vSD, were introduced in all the 
runs. This constant amount was 0.1 g.
Yellow tungstic acid crystals were formed in the crystallizer. 
According to Stephen and Wang (1981) the monohydrate, W03.HgO, will 
be formed when the crystallization temperature is approximately 100‘C. 
According to Perry and Chilton (1972) this monohydrate of tungsten has 
either a rhombic or an orthorhombic crystal structure with a. specific 
gravity (S.G.) of 5.5.
The S.G. of the formed material was determined with the metl. d 
described in section 5.3, The S.G, of the material was found to be 5.6 
which was close to the literature value of 5.5 if experimental error 
is taken into account. This Indicated that the tungstic acid formed 
was indeed in the monohydrate form. In addition to this, the yellow 
•tungstic -acid material formed in the crystallizer was tested to see
i--/
'Figure 6.3 Intensity of the X-ray diffractions versus the
interplanar spacings in the cungstic acid crystals 
produced in the MSMPR crystalliser
5
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Data Index Experimental
d (A°) Vii d (A*) I/Ij.
5.39 5.40 75
3,86 3.86 2
3.49 3.48 100
2.95 2,-94 6
2.687 2.68 10
2.626 2.6 12
2.570 2.57 25
2.360 2.36 6
2.322 6 2.32 8
1.979 4 1.98 , 4
1,875 4 1.88
1.85& 10 1.85 11
1.837 14 1.836 14
1.739 10 1.74 14
1.637 .1.64 10
1.611 8 , 1.61 3
1.504 4 1,50
1.211 1.21 2
Tabla 6.1 Comparison between the axperlaencally obtained 
tncarpLanar‘distances and the values from the 
X-ray diffraction data for eungstic acid crystals,
These results indicated that the product from the MSM5R erystallisar
was indeed crystalline tungsten monohydrata, or tungscic acid, These 
crystals were in the }!fona of WOg, HgO and this indicated Lilac
calcining the crystals would ensure the formation of tungsten oxide,
WOj, an intermediate in the production of tungsten matal powder.
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6.3 Calculating the CSD for each run
Representative samples a£ the crystalline material were taken from the 
MSMPR crystallizer after approximately 10 cryatalllzer residence times 
as steady state conditions could then be assumed.(Section 5.1.2.)
The sample solution was immediately filtered using a pressure filter, 
and the crystals resuspended in a slightly acidic distilled water 
solution. This prevented, redissolving of the crystals or further 
growth of the crystals. It did not matter that the crystals were 
suspended in a different volume df liquid since the samples were 
analysed using a Malvern Particle Sizer 3600 B type and the results 
ware presented as i mass fractions in the different size’fractions. An 
axample of such a;result sheet is presented in table 6.2. The rest of 
the-raw data, for the different runs, are p,resented in Appendix G.
USER E.SPER IMEMlftU iMO SAMPLE D g tf t lL S
RESULTS_________________  >________________
RUN W;-IBER« 10___________ T II - E = g i- 5 e - 1 0 _______________LOG DtFFEREtvCE= 5,,.08
SAMPLE % VULUI'E CO'CEHTRftTlDN" 0 .0 5 7 7  e BEAM OBSCURATION" 0^2 1
„ , m ,  a w  i " M W " "  *  i
H 3 . 4  100.0 
54.8 100.0
R : ;  ' S I
I  1
1:1 il
m g ! ;
m a n2.4- 1.3 0.4
l.l: l i  U 1  1
Table 6.2 An example result sheet for the Malvern 3600 Particle Size 
analyser in which the mass fractions of crystals in the 
different size ranges are presented
The suspension density of the crystalline solution was determined for 
each experiment. This was done using part of the sample that wac taken 
from the erystallizar. Itie solution was filtered, the weight of the 
dry crystals determined and the volume of filtrate measured. The 
suspension density was then calculated.
h&d to be determined for the crystals. Electron 
s ware taken of the crystals and it was found 
rystals had a spherical shape as shown in figure 
was thus assumed for the crystals.
& volume shape i 
microscope phot! 
that most of ( 
6.4. A spherical
Figure 6.4 Electron microscope photograph of the tungstio acid 
crystals confirming the roundnass of the crystals 
(Magnification x 150) ;,T
. ' " '  o''
A dascripcion of che calculation of Che crystal population 
each size fraction is presented in Appendix H. Xn order t 
this population density for each size the following unknowns had to be 
determined experimentally:
ky, the shape factor
t> , the absolute density of the crystals
Atf, che weight fraction of crystals in the size range Lj_ to Lg 
My, the suspension density of the crystallizer mapnft. _
All these values were calculated and the crystal population density 
for each size fraction could then be calculated and plotted versus the 
crystal size, for each experiment. The resulting population density 
data for all the experimental runs are presented in Appenix I. An 
example of such plots is shown in figure 5,5.
Figure 6,5 Semilog ploc of cryscal population density versus the
crystal aize for runs 17, 22A and 22C, Refer to Appendix C 
for the experimental conditions of these runs
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The plots of population density versus crystal size for various 
experiments can be interpreted to establish the nucleatlon kinetics 
and crystal growth kinetics as discussed in Chapter 3.
6.4 Interpreting the experimental CSD's to determine the nucleatlon 
and growth kinetics of the tungstic acid crystallizing system
The population balance equation for an ideal MSM5R crystallizer, where 
growth rate is size independent, was shown ir. lection 3.2 to be as 
follows:
n - n exp(-L/Gr) 6,1
If the assumption of ideal conditions as defined in section 2.4 holds, 
a plot of In n versus L should give a straight line.
From the experimental results presented in figure 6.6 it is evident
that non-ideal conditions must exist sides the plot of In n versus L
is curved and not linear. The curvature of the plot indicates that the 
crystal growth race is not a constant value for the complete size 
range of the crystals, It is observed chat Che growth rate is 
proportional to the absolute inverse of che slope of Che curve, and 
chat the slope decreases with an increase in crystal size. This means
thatt the crystal growth rate increases with an increase in crystal
size. The data for eha experimental results plotted on figure 6,6 are 
presented in Appendix I.
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'Tigusa 6,6 Seallog plot rj£ crystal population' density versus ..the
crystal size to illustrate that Hen-Ideal conditions exist 
in the MSMPR crystallizer.
Run 22A: r-7a.6min, Ht-0.97g/l, S-I3,lg/1.
.4,3 discussed in section 3,3, one of four explanations for this trend 
in crystal growth rate can be, proposed:
6.4.1 Classified product removal from the crystallise?
As discussed in section 3,3, the observation chat crystal growth rata 
increased with an increase in crystal size could be explained if 
classified product removal occurred in the system,
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In the experimental apparatus great cage was taken to prevent 
classified product removal from taking placa, Refer to section 5.1.2 
for a conplete description of the efforts made to prevent classified 
product removal,
6.4.2 Direct birth into the measured size range
According to Randolph and-.-Larson (1971) the present system under 
consideration (i.e tungatic acid in water) is a -class I type 
crystallizing system.
This means that Che per-pass yield of theJ crystallizer is Igy and 
depends on the throughput through the crystallizer. The resulting 
crystal growth rate will be low and according to Garstde and Davey 
(1980) the lower the growth rate, the smoother the crystal-solution 
interface and the less amount of needle-like dendritic growths take 
place on the surface.
In section 3.3 It was explained chat direct bi'rth into the measured 
size range occurs because of the attrition of needle-like dendritic 
growths from the surface of the crystals^  Thus, if the amount of 
needle-like dendritic growths are minimized, no direct birth into the 
measured size range occurs. Furthermore, the maximum crystal size in 
this system is approximately 85/im, which again minimizes the 
probability that large secondary nuclei are produced in the measurable 
size range.
If the preceding discussion holds, it can be assumed that no secondary 
nuclei are bom in the size range 2-20/jm, and the observed effect chat 
crystal growth rate is a function of size can be attributed only to 
either size dependent growth kinetics or growth race dispersion,
6,4.3 Size dependent growth telnettles
IC is difficult bo decide which of Che last two possible explanations 
apply to tilt ' item under consideration, (i.e. Size dependent growth 
kinetics or growtu race1dispersion.)
In the following discussion an attempt is made to explain why the 
former of the two explanations is assumed to be the most likely cause 
why the growth rat" '•< a function of crystal size,
From the results presented on figure 6,7 it is noted thac for a 
crystal size up to about. 25pm, the curves are almost linear (slightly 
curved downward) and obey McCabe's 4L law. According Co Abegg, 
Stevens and Larson (1968) this is to be expected b§,cause with very low 
relative crystal solution, velocities, Che rate of diffusion is. 
probably the limiting factor. In section 3,3 it wa predicted thac if 
diffusion is the limiting factor for small crystals, an opposite trend 
as what usually could be expected would have been noted, i.e. the 
crystal growth rate decreases with an increase in size. (Mote that 
for small crys.ttals the mass transfer coefficient increases with a 
decrease 
LG'
J 10*
2 io3 
f i a *
in crystal size,)
2. S0 7,53 12, 5 1",3 22.5 27.5
Figure 6,7 Plots of In n versus crystal size to illustrate the 
phenomena that size dependent growth kinetics is the 
dominating factor in the present cungstic acid 
crystallization system, Run 15: r-48,6ntin, Mc-18.6g/l, 
S-41,2g/l. Run 20: r-51min, H_-12.1g/l, S-26.8g/l,
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Careful examination of figure 6.7. shows exactly this trend: For small 
crystal sizes up to about 25#im Che curves are slightly curved downward 
with the result that the growth races decrease slightly with size. 
This presents evidence that bulk diffusion is tho limiting factor f o r  
crystal grcwtivfor crystal sizes up to approximately 25#<m.
When the crystals exceed 25pm the relative crystal-solution velocity 
must have increased sufficiently so that diffusion leases to be the 
limiting factor and surface, integration kinetics become the limiting 
factor. This can be^d^ducAd because the growth fates in figure 6.6 
start to increase wltii en increase in crystal size from approximately
' Further!' experimental evidence showing Chat the increase in growth rate 
with crystal size occurs because of ah increase in the dislocation 
density of the crystals, is given by electron microscope photo's taken 
of the crystals. From figures 6.8 and 6,9 it can be observed that the 
smaller crystals have a much lower dislocation density than the larger 
ones, and this corresponds with the theory presented in section 3.3.
the first observation, that of diffusion resistance, is n o t very 
lApoctant because the curves are fairly close t-i. straight lines in 
comparison to the second part of the curve wherVsurface reaction 
be^ CBps important. Thus, the first part of all the curves shall be 
hahd&w- as if it were obeying McCabe1 S -hL law (Abe'gg, Stevens and 
Lafsd'k, 1968).
The observation that both diffusion and surface , reaction can be 
appsmantji is not a new concept, Rumford-.and Bain (I960), in studying 
the Crystallization of NaCl found their Ays tern to be either diffusion 
or resttian"'controlled, depending on the system conditions.
Figure 6.8 Electron microscope photograph of a fairly small crystal 
(<20y). Crystal,.,.obtained from Run 17.
6.4.4 Growth rate dispersion
As discussed in the previous section it is assumed that growth race 
dispersion had no influence in the growth rate dependence on crystal 
size. Some experimental evidence as presented in the preceding 
section exists to prove that size dependent growth kinetics do play 
a role in the observed trends, but there is no evidence to prove that 
growth race dispersion does not play a part in the system. Taking this 
into account, the assumption that growth race dispersion does not play 
a part in this tungstic acid system must be accepted with caution., 
More experiments will have to be performed to be able to ignore the 
effect of growth rate dispersion.
6.5 Modelling of the size dependent growth rate
Because the crystal growth rate is significantly size dependent, the 
product size distribution differs significantly from chat predicted by 
the ideal population balance equation 3.2 discussed in section 3.2. In 
the derivation of this ideal population balance equation, 
size-independent growth races were assumed. Obviously, in order to 
correctly predict and analyze the experimental size distributions, a 
size-dependent growth rate expression is required.
The e.,aatical expression for size-dependent growth rate, and the 
resulting population balance equation which will be used, has been 
derived and discussed in section 3.3 and for the sake of convenience 
is reproduced as follows:
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G(L) - Ge(l+7L)b -1 5 b < 1
L a 0
n(L) - K3n‘(l+7L)'bexp ^  j
whete: K3 - expj-j—
According Co Ramanarayanan, Athrsya and Larson (1980) Che nuclei 
population density n and G , the growth rate of these small 
crystals, asymtote towards the y-axis, with the result that these two 
values can be treated as parameters along with the parameter b. The 
size-dependent growth rate model was thus first of all treated as a 
three parameter model. Least square fits of this proposed growth rate 
model to the data for all the experimental runs were done, and the 
following conclusion was reached; For all the experimental runs the 
value of the parameter b was approximately the same. Remembering that 
this value of b should only be a function of the type of system, and 
not of the specific system conditions, a constant average value of b 
for all the runs was assumed and the growth rate model treated as a 
two parameter model, with n and G being the two parameters.
The average of the different b values for all the experimental runs 
was calculated and taken as the value of b for the tungstic acid 
system. A constant average value of b-0.58 was assumed and used in the 
growth rate model. The fitting of this growth rata model to the 
experimental GSD data was then done as follows:
Section 6.4.3 contains a discuision of why it can be assumed cha% 
McCabe's tiL law holds to an extent for small sizes in the systsin under 
consideration. Thus the first part of all the experimental plots of In 
n versus L should result in a straight line with a slope equal to 
-1/C f and an intercept equal to the logarithm of the nuclei density 
n", Tile correctness of this assumption was not very important since 
it was only used to predict Initial values for G* and n .
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Using these initial values for n and G , and the constant value of 
b-0.53, a trial and error procedure was used Co determine the values 
of n and G v'nich gave the best least squares fit of the
dimensionless population distribution defined by equation 3,27 to each 
of the different experimental CSD's.
The Fortran program calculating the two parameters n* and G°, with b 
as a constant value of 0.58, for the best least squares fit of the 
model to the data is presented in Appendix M, together with a 
discussion of the procedure which the program follows.
The resulting model which was found to fit the data reasonably»well 
and which can thus be used to predict the size-dependent crystal 
growth ratas in a tungstic acid crystallizing system can be expressed 
as follows:
G(L) - G'd-HyL)0'58 -1 < b <4 6.2
L a O
Where: 7 -
snd the values of G , n and r are dependent on the specific system 
conditions that exist.
Using this growth rate model enables the calculation of the nucleation 
rate as well because according to Abegg, Stevens and Larson (1968) the 
value of B , the nucleation rate, for size-dependent crystal growth 
rates is given by n *G and both these values have been determined 
in using the size-dependent growth rate model,
Figures 6.10 to 6,12 compare some of the experimental results and the 
corresponding values predicted by the size dependent growth rate 
model. The experimental data and model expressions for these runs 
together with all the other runs are presented in Appendix I.
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Figure 6.10 Comparison between the experimental data for Run 22A and" 
the results obtained from using the growth rate model 
given by equation 6,2 with fitted values of 
d'-7.0E6 number/ml.#im and G -1.05E-2 ym/min,, (r-78.6oin 
fcL-0.97g/l and S-lS.lg/1.)
ixperi.iantcl is t :  
lodal vsljea cer
Figure 6.11 Comparison between the experimental data for Run 22C and 
the results obtained from using the growth rate modal 
given by equation 6,2 with fitted values of 
r. -8.5E6 number/ml.fim and G*-8,0E-3 jjm/min. (r-78,Smin,
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Figura 6.12 Comparison becween che axparimencal daca for Run 17 and 
che resales Obcained from using she grouch race model 
given by equation 6,2 with ricted values of 
n‘-2.5E9 number/mland G -7.0E-3 >ini/min, (r-67.Smi.n, 
He-418/1 and S-57.5g/l,)
6.6 Joint confidence region for the cwo paraak'ter model
Mich b given a constant value of 0,58, the sensitivity of che growth 
rate model towards n and G was examined.
It is possible to show that confidents regions for different 
probabilieies of che parameters are given by areas contained within 
spacifio sum of squares contours. According to Box, Hunter and Hunter 
(1978) these areas can be calculated as follows:
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For a 1-a joint confidence region of n and C the area is bounded 
by a sum of squares contour, S, such that:
S ■ Sr [1+^  Fa(p,n-p)j 6,4
where: SR « The lease sum of squares,
n - Number of data points,
p - Number of parameters.
F8(p,n-p)- Significance.point of che F distribution with p 
and n-p degrees of freedom, 
a - 0.1 for a 90% confidence level.
The shaded area in figure 6.13 enclosed within the S contour supplies 
Che 90% confidence region, The oblique orientation of the contours
implies that che two values n and G- are negatively correlated,
The 90% confidence region implies that $£ an experiment is repeated
many times and a region calculated as described above, then 90% of che 
calculated regions will include the true parameter point and 10% will 
exclude it, From figure 6.13 it is noted that the 90% confidence
interval stretches over large changes in n" and G*. This implies 
that for A 90% confidence region the calculated values far n* and G* 
can vary over large ranges of values, and not very accurate values tor 
n* an o’ can bo obtained. This is understandable if it is remamberad 
that these two values are calculated from chat part of the population 
distribution that approaches the population density axis 
asymptotically,
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Figure 6,13 An example of a joint eenfidatiea region for cha two
parameter growth rate modal to show the 90% confidence 
region for the two parameters n and C . Data from Run 
17. (r-67.5ain, and S«57.5g/1.)
6,7 Major nucleaticn proceases apparent in the present system
In section 4.1 a brief description of the different nucleation 
mechanisms that can occur in a crystallization system was presented. 
Reasons are presented here to support the view that the only
nucleation process occurring in this present system, is contact
secondary nucleation. Each of the three types of nucleation is now
discussed in the light of the experimental evidence.
6,7-1 Homogeneous nuclaaEion
Homogeneous nucleacion occurs when nuclei are formed solely because of 
Che aupersaturation driving force. In class I systems this kind of 
nucleacion is rarely observed because it la basically a low yield 
system. In fact several investigators such as Randolph and Larson 
(1971) support the view that homogeneous nucleacion is rarely 
observed in any kind of industrial crystallizers.
To verify the assumption that no homogeneous nucleation occurred in 
the tungstic aeid-water system under investigation, Cwo experiments 
with . identical operating conditions were performed. In one of the 
experiments no seed crystals were added at the beginning of the run, 
The experiments were run for a sufficient time to verify the fact that 
with tio seed crystals in the crystalllzer absolutely nothing happened. 
The experimental results were that no crystals were for led in the 
experiment without seed crystals, while the usual crystallization of 
tungstic acid crystals was observed in the other crystallize? with the 
seed crystals present, Th'e experimental data representing these two 
runs are presented in Appendix N,
Thus the assumption that homogeneous nucleation does not occur is 
justified,
6,7,2 Heterogeneous nucleation
This type of nucleation only occurs if foreign insoluble material is 
present in the system. Realising that the experimental apparatus 
described in section 5,1.2 was uuch that dust, etc, could well have 
entered the system, this type of nucleation could have possibly played 
a part in the crystallization of tungstic acid.
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This possibility was eliminated after performing the expsrimsnta 
mentioned above in section 6,7.1, as boH* the experiments could have
contained some form of foreign nate£j.al, yet only the experiment
containing seed crystals resulted in the crystallization of tungstic 
acid crystals taking place,
6,7.3 Secondary nuoleattion
A description of too thtf.ee types of secondary nucleation that can take 
place in a crystallizing system is presented in section 4.1, A 
thorough explanation is also presented to support the view chat only 
one of the three posatbls types, collision breeding, is important.
In she present system under consideration, this view is supported 
although a study of the electron micco^taph photographs of she 
cryscals shown in figures 6,8 and 6.9 suggests that the relatively 
larger crystals tend to be rounded. This might indicate that attrition 
of the crystals takes place which can cause direct birth into the 
measured size range. The likeliness that attrition does take place is 
low if the discussion in section 6,4,2 is assumed to be correct. It 
was mentioned there that the present tungstic acid system is a class I 
type system with smooth erystal-solution interfaces, According to 
Gatsida and Davey (1980) another explanation for the rounded crystals 
C3n be presented. There is £ possibility of local plastic deformation 
distorting the crystal lattice so as to increase locally the 
solubility and produce rounded crystals. According to Ranfi-i.^ h (1980)
the appearance that crystals tend to get rounded as the crystal size
increases is also an indication that size-dependent crystal growth 
rates are apparent,
Although Insufficient experimental evidence exists to distinguish 
between the three types of secondary nucleation, the following 
evidence can be presented to confirm chatt secondary nucleation is in 
fact the-major nucleating mechanism occurring in the present system:
Chapcer 6 Page 103
a) In section 6,4.3 it is confirmed that the primary crystal 
growth mechanism consists of surface integration kinetics. This 
implies that a surface zone of partially oriented solute 
aggregates develops which, according to Powers (1963), is 
precisely what is needed for collision breeding,
b)ln sections 6,9.1 and 6,9.2 it is shown "hat the nucleation 
rate increases with an increase in either stirrer speed or 
crystal suspension density. This is further evidence that 
secondary nucleation is she major nucleation mechanism apparent 
in this system, because an increase in the amount of collisions
result in an increase in the amount of nuclei produced, This is
what was predicted for contact secondary nucleation.
6.8 Behaviour of the crystal growth rate, 0*, with varying
crystallization conditions
It was shown in the previous sections of this chapter that size 
dependent growth of the crystals occurs. In order to compare the 
different experiments, a crystal growth rate at a constant crystal 
size had to be calculated for each experiment, For the sake of the 
following discussions the growth rate of the nuclei sized crystals was 
used as a standard value to compare the different experimental results
6.8.1 Effect of different nuclei population densities on the crystal 
growth rate G°
From figure 6.14 it can be seen that the crystal growth rate Increases 
with a decrease in nuclei population density. This phenomenon can be 
explained if it is considered that the present system is a class I
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crystallizing system. That is.* the crystallization driving force is 
solely because of the evaporation of the solvent while the 
supersaturation stays constant all the time,
Hence, an increase in the amount of nuclei present in the system will 
have the effect that the available driving force will be spread 
amongst a larger number of crystals with the result that the growth 
rate of the individual crystals decreases. The overall growth rate 
will stay constant however.
Figure 6.14 Plot of nuclei population density versus crystal growth 
rate of the nuclei sized crystals. The experimental 
conditions for these runs are presented in Appendix Q.
Run 23A: n -8.4S7 number/ml.pm 
Run 23C: n°-1.7S7 number/ml.pm 
Run 230: n -1.9E6 number/ml.pm
G -5.3E-3 pm/min 
G*-l.SE-2 pm/oin 
G*-2.9E-2 pm.min
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6.8.2 Efface of varying scirrer speeds on crystal growth i
From figure 6.15 it is noted that an increase in stirrer speed results 
in a decrease in crystal growth rata. In section 6.9.1 it is shown 
that an increase in stirrer speed results in an increase in the nuclei 
population density. So, the observation that crystal growth rate 
increases with a decrease in stirrer speed is in agreement with what 
was said in the above section 6.8,1 concerning the interdependence of 
nucleation rate and growth rate.
Figure 6,15 Plot of crystal growth rate of the nuclei sized
crystals "'t/ the stirrer speed in the crystallizer. 
The experimental conditions for these runs are presented 
in Appendix C.
-1.05E-2 fim/min 
-8.00E-3 pm/mla 
-3.91E-3 pm/min
Stirrer setting:24CG rpro 
Stirrer setting:3000 rpm 
Scirrer seccing:3600 rpm
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6.8.3 Effect of varying supersaturatitin on Che crystal growth rata
The supersaturation of a solution usually indicates the difference 
between the actual solution concentration of a species and the 
solution equilibrium concentration of that species. In the present 
tungscie acid system the solution equilibrium concentration of
tungstic acid in water is zero because tungstic acid is completely 
insoluble in hot or cold water (Perry and Chilton, 1972). For the sake 
of this dissertation supersaturation of a tungstic acid solution will 
thus indicate the actual solution concentration of tungsten.
It can be observed on figure 6.16 that at high crystal suspension 
densities the crystal growth races decrease with an increase in 
supersaturacion.
It can also be observed on figure 6.16 that at low crystal suspension 
densities crystal growth ratis increase with an increase in
supersaturation.
The following explanation is possible: At high suspension density 
(i.e. *ic) values the nucleation mechanism is more dominant than the
growth mechanism, and with an increase in supersaturacion the
secondary nucleation rate increases, More nuclei are thus produced, 
and the growth rate decreases as discussed in section 6.8.1.
At low Mc values, the growth mechanism is more dominant than the 
nucleation mechanism ( because of the lineal' relationship between the 
nucleation race and Mc, the nucleation rate is low if Mc is low) 
with the result that the amount of new nuclei produced is small and an 
incruase in supersaturacion causes an increase in the crystal growth
19: C -1.0E-2 nm/mln 
17: c"-7.OE-3 /m/ain
S-32.7 s/1 
S-S7.5 g/1 
S-65.7 g/1
-l.SE-2 /mi/oin 
”1.6E-2
S-33.0 g/1 
S-65.7 g/1 
S-67.3 g/1 
S-15.1 g/1 
S-16.1 g/1
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6.9 Behaviour of the cryseal nucleacioa rate with varying 
crystallization conditions
All the data used for the discussion of this and the previous section 
are summarised in Appendix I,
6,9.1 Effect of -vcying stirrer speeds on the nueleatioti rate
From figure 6.17 it can be seen that an increase in stirrer speed 
results in an increase in the nucleation rate. This is exactly what
• ’should happen if contact secondary nucleation dominates the system.
An increase in stirrer speed results in a larger amount t f 
crystal-crystal and crystal-noncrystal collisions. The e'.ilisions 
become more intense as well. Because the collisions cause the nuclei 
Co form, it is obvious that more nuclei and hence a larger nucleation 
rate, should be formed with an increase in stirrer speed.
It was also observed in figure 6.17 that whan the crystal suspension 
density was very lew the nucleation rate stayed approximately constant 
while the stirrer speed was varied between two certain regioru. When 
the stirrer speed was increased even more, the usual trend of an 
increasing nucleation rate was observed. This phenomenon can be 
explained once again if secondary nucleation is considered: With a 
very low crystal suspension density a small increase in stirrer speed 
will not increase the number of collisions so drastically and the 
nucleation rate will stay approximately constant. If the stirrer 
speed increases much more the increase in the number of collisions 
will become significant and hence the nucleation rate will increase.
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Figura 6.17 Ploe of nuclsacion race versus che stirtsc speed In she
cryscallizec for various runs when the crystal suspension 
density is l-.v. The experimental conditions £or these . 
runs are presented in Appendix 5,
Run 22A! B -7.&E& number/ml.min Stirrer setting:2400 rpm
Run 22C: B -6.8E4 number/ml.Bin Stirrer setting:3000 rpm
Run 22D: B -1.5E5 nunber/ml.min Stirrer setting:3600 rpi
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6.9.2 Effect of different crystal suspension densitJ.es on the 
nucleation rate
In section 6.10 it is shown Chat a linear relationship!.exists between 
nucleation rate and crystal suspension densicy for this specific 
systeo. Once again the number of collisions plays a part and hence 
leads Co contact secondary nucleation. The same explanations as in the 
previous sections hold.
6.9.3 Effect of varying supersaturationa on the nucleation rate
Fiom figure 6.18 i,- can be noted thac at a high crystal supension 
densicy the nucleation rate increases with an increase in 
supersaturation. At a low cryscal suspension density the 
supersaturation has no effect on the nuclesei.on rate.
The following explanation is possible: Ac higti. suspension densities 
the nucleation mechanism is more dominant chan the growth mechanism 
because many crystal-crystal collisions take place which cause che 
nucleation rate to be very high. An increase in supersaturation will 
thua only cause the nucleation rata to increase.
At low suspension density values, Che growth mechanism' is more 
dominant chan the nucleation mechanism ( because of the linear 
relationship between the nucleation sate and the nucleation rata 
is low if Mc is low) with the result that the amount of new nuclei 
produced is small and an increase in supersaturation causes an 
increase in the crystal growth rata.
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Figure 5;18 Plo.c of nuclaacion race versus supersacuraclon of Che 
•cungscic acid solution in cha MSMPR cryscallizer, The 
experimental conditions for chase runs are presented in 
Appendix G.
High suspension density:
Run 19: b’-7.2£6 number/ml,min S-32.7 g/1
Run 17: b‘-1.8E7 number/ml.min S-57.5 g/1
Run 18: B*-4.9E7 number/ml.min S-65.7 g/1
Low suspension density:
Run 23A: fl’-A.SES number/ml.min S-100,1 g/1 
Run 23B: b"~6.2E5 number/ml.min S-53,0 g/1 
Run 23C; B*»»2.6E5 number/ml.min S-65,7 g/1
fr.10 Empirical expressions for tha nucleation and growth kinecies
In section 4.1 a discussion was prasenced wh 
secondary nucleation is the dominant nueleatio 
crystalliser, the following empirical nucleation
3* - %  S1
The empirical expression generally used to describe 
race is a simpla function of supersaturacion;
In Che present tungstic acid system, however, Che 
dependent and the following empirical growth 
presented in section 6.5:
G - G* ( W )0-58
• 1/0 r
• Growth, rata of the nuciU; sized crystals.
ich shewed chat if 
n mechanism in the 
expression could be
she crystal growth 
6.6
growth rate is size 
race expression was
6,2
In order co use tha above expresvisn G must be known. Ic is assumed, 
chat G is a simple function of stipe saturation:
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Combining equations 6.5 and 6,7, and eliminating the supersaturaciou 
gives the following expression:
B’ -IKR G'1 6.8
For a system where the suspension density is linearly related to the 
nucleacion rate the value of j equals 1. It can be noted from figuro 
6.19 Chat because the curves are parallel this is the case in the 
present system since the same CSD arises whan two different suspension 
densities are used,
Figure 6,19 Semilog plot of population dacilty versus crystal size
for two different suspension densities, The experimental 
conditions for these two rurare presented in Appendix G.
M--52.6 g/1 n -7.2S8 nuabee/ml utt g'-1.0E-2 pm/min
Run 22D:
My-9,3 g/1 n -3 9E5 number/ml.pm G°-3.9E-3 pm/min
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With Che value of j known, the value of 1 can be obtained. This is 
done by plotting log B versus log G for different experiments, all 
with the same suspension density. This curve should be a straight line 
with a slope equal to i. This has been done in figure 6,20 and the 
resulting value of i has been obtained as approximately -2.9.
Figure C.20 Log log plot of nucleation rate versus .crystal growth 
rate of the nuclei sized crystals in order to calculate 
the value of the kinetic order i. The experimental
conditions for these runs are presented in Appendix G.
-6.2E5 number/ml.min -1.8E-2 /im/min
-2.6ES number/ml,min -1.6E-2 #im/min
23D: -5.5E4 number/ml,Bin -2,9E-2 (tim/min
17: -1.8E7 number/ml,min -7.0E-3 pm/min
Run 18: -4.9E7 number/ml.min -4.9E-3 pm/min
Run 19: B -7.2E6 number/ml.min G -1.0E-2 pm/mln
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7. CONCLUSIONS AND RECOMMENDATIONS
The cv.'scallization of tungstic acid from an ^ leccrolytically produced 
supersaCuraeed solution is a new concept chat has not enjoyed much 
attention in the literature. The various aims of the research were
a) Investigate the possibility of experimentally producing 
tungstic acid crystalline material from an electrolytically 
produced supersaturated tungOttc acid solution.
b) Study the nucleation and growth kinetics of this system.
The possibility of producing tungstic acid crystals was confirmed when 
yellow tungstic acid material was produced in an evaporative MSMPR 
crystallizer after seeding the crystallizing solution. The material 
had an X-ray diffraction pattern which confirmed that the monohydrate 
form, WO3.H2O, was. formed and that the material was crystalline. 
During the crystallization experiments it was also confirmed that the 
present crystallizing system is a class I type crystallizing system.
After accomplishing the crystallization of tungstic acid crystals, 
various runs were conducted to study the nucleation and growth 
kin'tics of the system. The literature suggested that there are 
basically three nucleation mechanisms that can play a part in a 
crystallization system. It also suggested that most MSMPR
crystallizing systems behave ideally. It was found experimentally 
that contact secondary nucleation was the main nucleation mechanism in 
the crystallization of tungstic acid, and that the MSMPR crystallizer 
did not behave ideally. The non-ideal behaviour arose because of the 
size dependent crystal growth mechanism which occurred in the system. 
This size dependence of the growth races could be explained if surface 
integration kinetics were assumed to be the dominating mechanism for
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crystal growth in the system. Experimental evidence was found to 
support this assumption.
A size dependent growth rate model was proposed and tested and used to 
incorporate this size dependence of the crystal growth rates in the 
population balance equation. The model used, and the resulting 
population balance equation which was fitted to the experimental data, 
were as follows:
GO,) - M l + v L ) 0 -58 L o 0 7.1
Where# G(L) - Size dependent crystal growth rate.
G - Crystal growth rat.a of the nuclei sized crystals.
1 - l/(G*r)
L - Characteristic crystal dimension.
n<U - ^ n'u+YL)-0-58.^!' 7.2
Where: n(L) - Population density as a function of crystal size.
K3 - exp(l/0.42)
n - Population density of the nuclei sized crystals.
A confidence interval was calculated to determine the accuracy of the
two calculated values G and n and it was found that these two 
values could vary over a wide range.
Experiments were then conducted to investigate the behaviour of the 
crystal growth and nucleation kinetics with varying crystallization 
conditions. It was found chat:
1). Crystal growth rates decreased with increase in nuclei population 
density.
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2) Crystal growth rates decreased with increasing stirrer speeds.
3) For a high suspension density: Crystal growth rates decreased with 
increase in supersaturation.
4) For a low suspension density: Growth rates increased with increase 
in supersaturation. i
5) tfucleaGiori'-rates increased with increase In stirrer speed.
6}' A linear relationship existed between nucleation rate and crystal 
suspension density for this specifc system. - --
7) For a high suspension density: Nucleation rates increased with 
increase in supersaturation.
8) For a low suspension density: Nucleation rates were not affected by 
changes in supersaturation.
Finally, the following empirical expressions were derived for the 
nucleation and growth rates:
For the secondary nucleation rate;
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b‘ - K„ S1 Mt j
Where: B - Secondary nucleation race, 
Kgj- Proportionality constant.
S - Supersaturation.
Mt- Suspension density.
1 and j are kinetic orders.
For the size dependent crystal growth rates: 
G - G ° a + iL ) °sO.58
Where: G - Size dependent crystal growth rate.
G - Growth rate of the nuclei sized crystals.
L - Characteristic dimension of the crystals.
If it was :assumed that G was a simple function of supersaturation, 
equation 7.3 could then be rewritten as:
•5° « KR MCJ Ga  7.5
From the experimental results it was found chat j-1. This meant that 
for the tungstic acid crystallization system, the suspension density 
was linearly related to the nucleation rate. With the value of j 
known, the value of i was obtained. The resulting value of i was found 
to be approximately -2.9. This indicated that an inverse relationship 
existed between the nucleation rate and the growth rate of the nuclei 
sized crystals.
Recommendations for further work
1) No conclusive experimental evidence was obtained to prove that 
growth rate dispersion did not play a part in she crystallization of 
the tungstic acid crystals. This is an important phenomenon that must 
be further investigated.
2) It was concluded thtt secondary nucleation is the main nucleacion 
mecnanism in the tungstic acid crystallization process,. The 
experimental evidence demonstrating that heterogeneous nucleation did 
not play a part in the system is not very reliable, and some further 
research into this phenomenon should be done. There was also not 
enough experimental evidencs to distinguish between the three 
secondary nucleation Mechanisms. ■
3) Another important factor which must be ^ e'ttinnined is whether the
tungstic acid crystals produced can be o'' -d directly to produce 
tungsten oxide, an intermediate in the prc : -’.or. tungsten. If this
is possible the APT intermediate in r'.. r>. j process can be
eliminated which will mean additional saving^  ^‘the process.
4) Another important assessment that must be made is whether the CSD
■of the crystals can be controlled to a certain accuracy with the help
of the kinetics established in this dissertation, and whether the 
overall size of the crystals can be enlarged by using several 
crystallizers in series.
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APPENDIX A
Purification of Che sodium cungscate leach soluCion from impuricj.es 
such as silica, phosphorous, arsenic and molybdenum.
A.l The preliminary silica-removal step
According co Topkaya and Erie (1982) sodium cungstate leach 
solutions are
generally contaminated with silica, phosphorous, arsenic, and molyb­
denum, which are usually present in the, 'raw material. These oust be 
reduced to acceptable levels before further processing of the leach 
solution. If the silica leva! is above 2 to 5 g/1 a preliminary 
silica-reaoval stop is required.
The first step is the addition of alum (A'l^ CSQ^ );}. 1SH?0) and 
magnesium sulphate (MgSO^ .yt^ O) co the leach solution before the 
filtration of this solution to remove the unreacted gangue. The alum
and magnesium sulphate are added in quantities of betveen 0.03 and
0.08 kg per kilogram of WO3, respectively. The solution is stirred
for 1 hour at 70 to 80 C and then filtered. This procedure decreases
the silica level in the solution co 2 g/1 or below. After filtering,
the solution is treated once more with alum and magnesium sulphate to
decrease the silica level to the range 0,03 to 0.06 g/1. Both puri­
fication steps are conducted at a pH value between 9 and 9.5. Fil­
tering after the secondary step must be performed with aere care, pos­
sibly by the use of a filter aid such as cellulose. The tungsten loss 
during these processes is about 1 % of the total value.
The pertinent precipitation reactions are as follows
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2Na2Si03 + A12(S04)3 + nHgO + 2Na2G03 —
Na2O.Al203.2SiO2.nH2CI + 2CCj + 3Na2S04 A.l
Sa2Si03 + 2MgS04 + Sa2C03 »- 2MgO.Si02 + 2Na2S04 + C02 A.2
A mixcure of alum and magnesium sulphate will also remove phosphorous 
from che solution.
A.2 The preliminary molybdanuo-removal step
According Co Topkayn and Eric (1982) molybdenum removal is performed 
by—t-he-prserpita-cisn-as molybdenum trisulphide.
The first seep is Che formation of chiomolybdate ions by che, reaction:
Mo042* + 4S2" + 4H20 —  MoS42" + 80H* A.3
The sulphide is added as sodium s:\lphide or sodium hydrogen sulphide
at a pH>10. Conversion of the Chiomolybdate is complete in 1-2 hours
ac 80-85°C, The amount of sulphide required for acceptable molybdenum 
removal depends upon Che ratio of Mo:W and upon the concentration of 
tungsten. Usually, three times che amount of sulphide required sCoi- 
chiometrically is sufficient for a Mo:W ratio of 0.01 to 0.02. A 
decreasing MoiW ratio requires an increasing sulphide addition.
' % / . V
Following the formaCion o£ E 
preciplcaced as M0S3 by acidifying to pH 2.5-3 while stirring Che 
eolation at 80°c over a period of 2-9 hours. The pertinent reaction
r
, precipitation of other sulphide - forming elements, 
arsenic, bismuth, copper and lead are also pos•
The molybdenum trisulphide and other sulphide precipitates, if
present, are removed by filtration. The cake is then washed with 
slightly acidic water to minimize tungsten loss. The molybdenum
Tungsten losses in this step are about 1 % of t
the removal of silica and molybdenum, phosphorus and i
reduced to less -Chan 20mg/l and 3mg/l, respectively. 1 
purification steps for these two contaminants are therefore 1
I
'i-
Blecerochemiscry In the ewo slacttrolyCic membrane processes.
According co Verbaan, Greenslade and Wada (1984) chere are two 
discincc regions present in Che electrolytic conversion of sodium 
carbonate and tungscic acid if both of these solutions are present in 
the anode solution. Initially, che sodium flux is constant at a 
membrane efficiency of 98 V  a value that is characteristic of che 
removal of sodium from iodium carbonate. At a certain catholyte 
concentration of sodium ions the flux drops very rapidly to a constant 
value corresponding to a membrane efficiency of approximately 80 %. 
The eatholyca concentration where this drop in membrane efficiency 
occurs i s  d t che point where nearly all the sodium carbonate has been 
converted to carbonic acid and sodium removal is from the sodium
e of this observation the two electrolytic membrane processes, 
the electrolytic removal of sodium from sodium carbonate and che 
•olycic removal a£ sodium frost sodium tungscace, will be created 
independent processes: which take place.
•3,1 -Electrolytic removal of sodium from sodium carbonate
A schematic representation o.f the chemistry involved i s  shown : 
figure 3.1.
l \ \
\ \
\ N
\ Na + \
\ „ \
K
\ ] $ i =
\ H* ... o N
\ =N = \
\ K
\ \
©
h2co3 » h20
of vacer
cathoca:
Anode: HgO
uachode: 2HgO + 2
• 2e* + 1 /2 02 r
20H* + H, f
The cacion selective membrane which separates the anode from the 
cathode compartment ideally only allows movement of positive Lew  
vhrough it. In this case the anolyte is a sodium carbonate solution, 
with the result chat the only cations present are the sodium ions and 
protons arising from the dissociation of water at the anode.
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As these cations migrate through the membrane they combine with the 
hydroxide ions J.n the cathode to produce caustic soda and water 
respect'i<Mly as follows:
H+ + OH* =-* H20 B, 3
Na+ + OH' -* NaOH B.4
As the anolyte loses sodium through the membrane, the carbonate ions
will take up protons to form carbonic acid:
NajCOj NaC03* + Ha+ B.5
NaC03' 4- H+ p- NaHC03 B.6
NaHC03 HC03' + Na* 8.7
HC03- + H+ H2C03 B.8
At atmospheric pressure, carbonic acid readily decomposes into carbon 
dioxide and water:
H2C03 ^  C02t + H20 B.9
It is important to know that the competition of the H+ ions with the 
Na+ ions, and the backmigration of OH" ions cause membrane 
inefficiency.
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B,2 Electrolytic removal of sodium from sodium rungscate
A schematic representation of the chemistry involved is shown in 
figure B.2. Once again water is dissociated at the electrodes and 
because the tungstace radical does not form any positive complexes, 
Pourbaix (1974), the only cations that compete to move through the 
cation selective membrane are the protons and sodium ions.
N i jV O *  S o l u u .
0
Na ©
Figure B.2 Schematic representation of the electrolytic removal 
of sodium ions from sodium tungstate
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Sodium removed from the tungstate radical will be replaced with pro­
tons from the dissociation of water at the anode to produce tungstic
Na2W04 NaW04‘ + t?a+ B.10
NaW04* + H+ NaHW04 ' B.ll
NaHW04 ^  Na+ + HW04' B.12
HW04- + H+ —  HoMOa B.13
Because the tungstic acid formed in the anode solution has a very high 
supersaturation it can be crystallized out directly using an 
evaporative MSMER crystalliser.
Appendix C
In both the electrolytic membrane processes oucllned in Appendix B, 
Che time needed co transport & given amount; of ,-odium ions from Che 
anode co che cachoda compartmentis can be calculated using Faraday's 
Law (Moore, 1962) as follows:
• Mass of sodium ions co be transported per unic area 
(g/™2)•
■ Number of charges on che sodium ion (-).
F - Faraday's conscanc. (96485 C/mol) 
M - Acomic weight of sodium (g/mtil). . 
I - Current density (Amp/m^). 
tj - Membrane efficiency (-).
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APPEZTOIX D
D’sfinition of Cha aleccrolytic cell membrane efficiency.
The current supplied to the electrolytic membrane process is used to 
transport all the available cations from the anode across the membrane 
co 'the - cathode. This mea'.;s shat protons which are present in the 
processes as' a result of the dissociation of water are also 
transported across the cation selective membrane. This phenomenon is 
dhdesireable because it reduces the sodium flux through the membrane. 
%o eliminate the latter effect, it is economical to. choose operating 
conditions so as co maximise the sodium ion flux through the membrane. 
Another factor which may contribute ttow&rds membrane inefficiency is 
the possible backmigration of OH* ions across the membrane, This 
effect also reduces the sodium flux through the membrane.
In order to draw comparisons between various experimental runs it is 
convenient to define the membrane efficiency as:
. _ Observed sodium flux . ... . _ ,
 ^ Theoretical maximum flux
The maximum flux is the flux which will be observed if sodium ions are 
the only ions which move through the membrane. This is given by 
Faraday's law (Refer co Appendix C):
S - | D,2
WhereiH - Kolar flux of sodium ions (mo1/s.m^).
I - Current density (Amp/m^ ).
F « Faraday's constant,(96435 C/mol)
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APPENDIX
Nature of the caclen selective membranes,
Ion exchange membranes consist of a physical support upon which a 
polymer with highly ionisabla functional groups is supported. These 
ionisable groups consist of fixed anions and mobile counter cations in 
a cation selective membrane. The result is a rugged sheet having ion 
selectivity and corrosion resistance, dependendlng on the nature of 
the polymer used.
The membranes are essentially impermeable to water but highly 
permeable to ions of oppcaite charge to the charge on the fixed 
ionised functional groups in the membrane. Ions of the same charge as 
the fixed ions however, are repelled and are ideally impermeable.
It has been suggested by Yeager and Stack (1981) that the membrane 
can be considered to consist of three structural zones;
a)Regions impermeable to ions, regardless of their charge, which 
consists of the polymer backbone and the physical support.
b)The active sites through which ion transport occurs. These reg­
ions are viewed as being of relatively large fractional voidage. 
These volumes contain a small amount of sorbed water and ton 
clusters.
c)A region loosely termed as the transition between the above two 
regions.
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Ideally chen, the current through a membrane wi 
movement of charge-carrying species through i 
due to any bulk transport through the membrane.
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APPENDIX F
Derivation of the populatie^  balance equation for the ideal HSM5R 
cryscallizer.
In a given volume the numbec of crystals of each size range must be 
conserved . for the system to be in equilibrium-. The crystal population 
balance is:
Number in by feed stream + Number in by growth « Number out by product 
stream + Number out by growth.
Q^ n^ ALAt * VnjG^ At - QnALAt + Vn^ G^ at • 1 F.1
Where: n^- number crystals o f size in volume V.
^2” number crystals of size Lg in volume V, 
it-Time interval.
Gj-Crystal growth rate at size Lj_.
G2“Crystal growth rats at size Lg.
Q^ —Volumetric flow rate in.
Q "Volumetric flow rate out.
, AL-Size. difference, l^ -L^ .
V -Total volume of the crystal magma, 
n -Average population density in size range to Lg,
Rearranging equation F.l:
V ( G2 ng - C!]_ nj_ ) - ( Qj_ Tij - Q n ) AL F.2
As AL approaches zero, the average values of n become point values and 
equation F.2 takes the form:
Appendix F Page 141
srystals in Che feed largeFor an unseeded system or 
enough co be in che size range under consideration,
For che idealized cryscal.V.:
L. Also, che residence cime, r, is
Che population density of che nuclei as i 
.ch chis boundary condicion, equation F.5
This;.is che fundamental population balance equation.
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APPENDIX G
Raw daca from che HSMFR crystallized exhibiting, the weight fraction of 
crystals in each size range.
The first thirteen runs are not used since various experimental 
problems were encountered during these runs which made these runs 
meaningless.
The following parameters were determined during each run:
Oilbath temperature: The temperature of the heating medium in which
the MSXPR crystallizer was immersed.
Stirrer speed: The rotation speed of the stirrer, which was used to
keep che crystals in che MSMPR crystallized in suspension.
Drawdown time of vessel: The mean residence time of the crystals in
suspension.
Crystal suspension density: The suspension density of the crystallized 
magma at steady state conditions.
Supersacuracion: The supersaturacien of a solution usually indicates
the difference between the actual solution concentration of a species 
and the solution equilibrium concentration of that species. In che
present tungstic acid system che solution equilibrium concentration of 
tungstic acid in water is zero because tungstic acid is completely
insoluble in hoc or cold water (Perry and Chilton, 1972). For the sake 
of this dissertation supersacuracion of a .tungstic acid solution will
:Cual solueion concantracion of
conducted, each tine varying one or more of the
Oilbath temperature
of vesselDrawdown
Crystal suspension density : 61.98 g/1
Weight fraction Crystal size range
of crystals % from (/tm) to (im'.
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Oilbath temperature
Crystal suspension density : 18.59 g/1
Supersaturation of tungsten: 41.15 g/1
2.8
17.723.7
23.7
26.5
Page 145
Scirrar speed : 3600 rpm
i 67.5 min
Crystal suspension density : 40,98 g/1
iupersaturation of cungsten: 57,45 g/1
Ctyseal size
13,6 10.5
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Oilbaeh temperature : 140 G
Stirrer speed : 3600 rpm
Drawdown time of vessel : 67,5 min
Crystal suspension density : 57.12 g/l
Supersaturation of tungsten: S / l
Weight fraction 
of crystals %
Crystal size range 
from (pm) to (pm)
0,3 54,9
3.1 33.7 23.7
14.8 23.7 17.7
17,7 13.6
^ 6 10.5
6.7 10.5 8,2
10.1 8.2 6.4
10.4 6.4 5.0
5,2 - 5.0 3.9
3.9 3,0
3.0 2.4
5,0 2.4 1.9
2.2 1.9 1.5
1.1 1.5 1.2
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Oilbatth cemperatura : 140 C
Scitrar speed : 3600 rpm
Draudown clme of vassal : 67.5 min 
Crystal suspension dansicy : 52,56 g/1 
Supersacuracion of ttungscan: 32,73 g/1
Weight fraction Crystal siza range
of crystals S from (mo) to ( m )
0.2 33.7
5,3 33.7 23,7
33.2 23.7 17,7
39,1 17.7 13.6
13.6 10,5
0.9 10.5 8.2
11.8 8,2 6.4
3,2 5,0
0,0 5.0 3,9
0.0 3,9 3.0
0.3 3,0 2.4
0,6 2.4 1.9
0.2 1,9 1,5
0.1 1.2
Oilbach temperature : 140 C
Stirrer speed : 2500 rpm
Drawdown time of vessel : 51.0 ain
Crystal suspension density :.12.10 g/1 
Supersaturacion of tungsten: 26.78 g/1
Weight fraction 
of crystals %
Crystal size range 
from (#m) to (>#m)
0.2 33.7 23.7
2.4 23.7 17.7 '
11.7 17.7 . 13.6
26.7 10.5
26.9 10,5 8.2
13.3 3.2 6.4
8,3 6.4 5.0
7.0 5.0 3.9
1,7 3.9 3.0
0.7 3.0 2.4
0,9 2:4 1.9
0.2 1.9 1.5
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Oilbach ceaperacuve 140 Q
Scirrer speed ; 2400 rprn
Drawdown cine of vessel 78.6 min
Crystal suspension density : 0.968 s/l
Supersaturation of tungsten: 15 .'15 s/i
Weight fraction 
of crystals %
Crystal size range 
from (jim) to (pm)
5.2 118.4 54.9
12,9 54.9 33!?
10.2 33.7
10.3 23.7
9.5 17.7 13.6
7.8 13.6 10.5
9,0 10.5 8.2
13.6 8.2
13.6 6.4 5.0
6,1 5.0 3.9
1,5 3.0
0.3 3.0. 2.4
Page 150
Oilbatii camperaCura
: 3000 rpmSclrrar speed
Crystal suspension density : 0.467 g/1
SupersAturacion of cungsren: 16,14 g/1
Weight fraction 
of crystals %
Crystal size range 
from (#un) ' 1(urn)
118.4
Appendix G
Run 22 P..
CHlbaCh camperature : 140 C
Stirrer speed : rpm
Drawdown cioe of vessel : nin
Crystal suspension density : S/1
Supersaturation- , jjngstan: 36.2S' s/i
Appendix G
Oilbath temperature
iravdown line of vessel
Crystal suspension density : 22.14 g/1
Crystal sise range 
from (^ m) to (*in)of crystals %
Oilbath CemperaCure : 140 C
Qcirrer speed : .3600 rpm
Drawdown time j£ vessel : 49.4 min 
Crystal suspension dansicy : 0.442 g/1 . 
Supetsacuracion of tungsten: '52.99 g/1
Weight fraction 
of crystals %
Crystal size range 
from, Oim) to (#im)
0,1 13.6 10.5
10.5 8.2
9;.3 8.2 6.4
19.1
20.7 3.9
3.9 3.0
3.0 2.4
2,4
1.9
Oilbach temperature : 140 C
Sclrrer speed : 3600 rpm
Drawdown time of vessel : 109.5 min 
Crystal suspension densicy : 2.45 g/l 
Supersacuzation of tungsten: 65.71 g/1
Weight fraction 
of crystals %
Crystal 
from (pm)^*to*(%)
17.7
13.6
10.5
8.2
5.4 6,4
6.5 5.0
7.7
6.1
4.3
2.2 1.5
3.4 1.2
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Oilbath temperature : 140 C
Scirrer speed : 3600 rpm
Drawdown time of vessel : 109.5 ain
Crystal suspension density : 4.043 g/1
Supersacuracion of tungsten: 67.25 g/1
Weight fraction 
of crystals %
Crystal size range 
from (/si) to (pm)
33.7 23.7
23.7 17.7
35.5 17.7 13.6
35.0 13.6 10.5
13.9 10.5 6.2
3.3 3.2 6.4
1.9 6.4 5.0
3.4 5.0 3.9
0.3 3.9 3.0
0.0 3.0 2.4
0,1 2.4 1.9
0,3 1,9 1.5
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Numerical example of che calculacion of the cryscallizacion kinecics 
from an analysis o i Che crystal size distribution obtained
experimentally for a specific run is presented below.
Run 17 will be used to demonstrate the procedure.
1. A representative sample of the crystallizer magma for each run is 
analysed to determine the weight fraction of crystals in each size 
.fraction. This was done by WINTER using a Malvern particle size 
analyzer and che results shown in Appendix G. For run 17 the results
Weight fraction of 
crystals l
Crystal si 
from (pm) to6 XT
" U8.4 54,9
54.9 33,7
33,7 23.7
23.7 17.7
17.7 13.6
22.2 13.6
20. S 10.5 8.2
8.8 8,2 6.4
6,4 5.0
5.2 5.0 3.9
0.4 3,9
2. The characteristic size L for che size range corresponding to each 
mass fraction in che distribution is determined. This characteristic 
size is taken as che mid-point of every size range, i.e. for che size
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Weight fraction of 
crystals
Characteristic size 
L (^ o)
0,3 86.65
1.5 64.3
3.5 28.7
20.7
15.65
12.05
9,35
8.8 7,3.
4.5 5.7
5.2
0.4
3'.' "A suitable shape factor for ehe esyscais is decsrainsd., -According 
to figure 6.4 the assumption of spherical crystals is adequate. Using 
shis a^ssumption and the expression for ehe volume of a spherical 
crysr.A, she shape factor can be calculated as follows:
Volume of crystal - k^.L^ " H. 1
Where: k, - Volume shape factor.
L - Characteristic crystal size.
CTsing equation H .L and che known expression for “he volume of a sphere 
ky is calculated:
Volume of sphere - */5 ~ k„
It follows from the above expression chat ky is rr/6 .
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For run 17 the results are:
Weight fraction of 
crystals !»
Characteristic size 
L (wn)
0.3 86.65
1.5 44.3
3.5 28.7
11.3 20.7
?1.4 15.65
. 22.2 12.05
' 20.8 9.35
8.8 7.3
5.2
0.4
3. A i-, shape cacEoc for the crystals is determined. Act  Ag
to figure 674 the assumption of spherical crystals is adequate, . ' "u. 
this assumption and the expression for the volume of a spherical 
crystal, the shape factor can be calculated as follows;
Volume of crystal - ky.L^  H. 1
Where: - Volume shape factor.
L - Characteristic crystal size.
Wsing equation H.2 and the known expression for the volume of a sphere 
ky. £9 calculated:
Volume of sphere - ff/6
It follows from the above expression that k, is tr/5.
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4. The results obtained from HXM'BK is in mass fractions. The 
population density n calculated for each size range is based on a unit 
volume of cryscallizar slurry. In order to put the computation on this 
basis the crystal suspension density oust be known and this must be 
multiplied by the different mass fractions for each size range. The 
result is the mass of crystals in each size range per unit volume of 
crystallizer slurry.
With this mass distribution per unit volume of suspension known, the 
population density of each characteristic-size can be determined by 
the following expression:
<n)L - (M1;AW)/(pkvL3M.) H.2
<n)L - Population density as a funeion of crystal size 
(number of crystals/ml.pm).
- Crystal suspension density (g/ml),
» Weight fraction of crystals in-the size range ts
- Absolute density of the crystalline species (g/til).
ky - Volume shape factor (-).
- Characteristic size for She size range to Lg (pm)
* ^ Z'^ l ■
For run 17: (n)L - (40.93 g/1 * 6W)/<5662 g/1 * | * L3 * 6L)
Using the da5a in the above two tables the resulting population 
densities for run 17 can be calculated as:
Crystal population 
density (num/ml.pm)
Characteristic size 
L (pm)
1.496 E6 3.45
7.414 E6 4.45
2.399 E6 5.7
1.737 26
1.529 26 9.35
5.657 25 12.05
1.882 25 15.65
20.7
28.7
44,3
86.65
5. A plot of In n versus L is plotted for each run and the 
crystallization kina tics i.e. nucleation and growth rates calculated 
using this plot. This procedure will now be illustrated.
The semilog plot of population density versus crystal size for run .17
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From cha above figure ic can be seen that the plot is non-linear. 
Reasons for this behaviour have been presented in section 6.4.3. Ic 
was concluded chat size dependent growth kinetics dominates the system 
and a size dependent growth rate model was proposed. This model was 
fitted to the experimental results o f run 17 with the procedure 
described in section 6.5, The following results were obtained.
Nuclei population density n - 2.5E9 num/ml,^ m
Nuclei-siZPd crystal growth rate G - - 7.00E-3 po/nin
Size dependent crystal growth rate G * 7.00E-3(1+2.116 L)0,38 pm/min
According to Abegg, Ste,ver-s and Larson (1968) the crystal nucleation 
rate i s  the product of the nuclei population density and the 
nuclei-sized crystal growth rate:
Crystal nucleation rate B - 1.75E7 nua/ml.min
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APPENDIX X
Calculated population density '<stributions for the various runs.
The experimental conditions and raw data for each of these runs are1 
summarised in Appendix 3.
The population density distributions were calculated for each run with 
the method described in Appendix H. A size dependent growth race model 
was fitted tie these data and from this model the growth and nucleacion 
kinetics of crystallization followed: The nuclei population density 
n and nuclei-sized crystal growth rate G were used as the two 
parameters to fit the size dependent growth rate model to the data. 
According to Abegg, Stevens and Larsen (1968) the crystal nucleacion 
rate is the product of these two values n and G . The size 
dependent crystal growth rate G is expressed by the growth rate model 
fitted to the experimental data.
Appendix I Page 162
Run ..14,
Nuclei population densicy (n ) : 2.21 E7 number/ml.ait
Nuclet-stzed. crystal growth race (G ): 7.36 E-2 Awa/tain.
Nucleation rate (B ) : 1.63 E6 num/ml,oin
Crystal growth rate (G) : 7.36E-2(l+0.273
Crystal population 
density (nua/ml./ira)
Characteristic size 
L </m)
1.064 E7 1.7
1.683 E7 2.15
1.416 E7 2.7
1.018 E7 3.45
1.251 E7 4.45
5.402 E6 5.7
1.552 E6 7.3
8.561 E5 9,35
7.207 E5 12.05
3.778 E5 15.65
6.638 E4 20.7
5.305 E3 23.7
1.701 E2 44.3
Appendix I
Nuclei population density (n ) : 1.274 E7 number/ml.pm
Nuclei-sized crystal growth rate (G ): 6.07 E-2 pm/min.
Nucleation rate (B*) : 7,73 E5 num/ml.min
Crystal growth rate (G) : 6.075-2(1+0.339 L)°158
Crystal population 
density (num/ml.>ua)
Characteristic size
8.494 S6
6.381 26 1.7
7.570 E6 2.15
2.7
3.45
4,45
8.464 E5 5.7
7.3
9.35
1.296 E4 20.7
7.426 E2 28.7
3.402 14.3
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2.5 E9 number/ml. 
(a"): 7,00 £-3 pm/min.
: 1.75 E7 num/ml.min 
: 7.00E-3(1+2.U6 L)0-53
Crystal population 
density (num/ml./as^
Characteristic size
1 496 Eo 3.45
2.399 E6
1.737 E6
1.529 E6 9.35
5.657 E5 12.05
1.832 E5 15.65
2.935 E4
Nuclei population density (n ) 
Nuelei-sized crystal growth rate 
ITucleation race (B )
Crystal growth race (G)
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Nuclei population density (n ) : 9.96 E9 number/ml.
Nuclei-sized crystal growth rate (G*): 4,94 E-3 /xo/min.
Nucleation rate (B ) : 4.92 E7 nua/ml.min
crystal growth rate (G) : 4.942-3(1+3.0 L)0-58 jxm/min
Crystal population 
density (num/ml.fim)
Characteristic size
1.064 27 1.7;
1,633 27. 2.15
1.415 27 2 .1
3.45
4,45
5.402 26
1.552 25 7.3
8.561 25 9.35
7.207 25 12.05
3.778 25 15.65
20.7
28.7
44.3 '
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Nuclei population density (n ) 
Nuclei-sized crystal growth race 
Nucleatien rate (B )
Crystal growth race (G)
Crystal population 
density (num/ml.pm)
Characteristic site
2.402- 27 1.35
1.7
4.503 E6
4.797 25
1.661 26
2.987 26
8.486 24
1.634 25 12.05
4.411 25 15.65
1.106 25 20.7
3,974 23 28.7
1.924 El 44.3
: 7.17 E8 number/ml.pm 
(G ): 1,0 E-2 pm/oin.
: 7.17 E6 num/ml,min 
: 1.02-2(1+1.482 L)0'58 pm/min
Nuclei population density (n ) : 7.17 E8 number/ml,ym
Nuclei-sized crystal growth rate (G ): 1.0 E-2 ym/min,
Nucleatien rate (B ) : 7.17 E6 nun/ml,oin
Crystal growth race (G) : 1.0E-2<1+11482 L)0'.'53
Crystal population 
density (num/ml.ya)
Characteristic sire
2 >02 E7
1.804 S7
4.503 E6
4.797 E5
1.661 E6
2.987 E6 7,3
8.486 E4 9.35
1.634 E5 12.05
4,411 E5 15.65
1.106 E5 20.7
3.974 E3 23.7
44.3 .
ya/ain
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Nuclei population densicy (n ) : 2.07 E7 number/ml.pm
Nuclai-sized crystal growth r^ Ce (0 ): 4.4 E-2 pm/min.
Nucleation race (B ) : 9,12 E5 num/ml.min
Crystal growth rate (G) : 4.4E-2(l+0,446 L)^ -38
Crystal population 
density (num/ml.pm)
Characteristic size
4.155 E6 1.7
7.394 E6 2.15
2.420 £6 2.7
1,873 EG 3.45
2,948 EG 4,45
1.307 EG 5.7
7.754 E5
5.842 £5 9.35
2.017 E5 12.05
3.039 E4 15.65
1.841 E3 20.7
3.454 El 28.7
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: 7,0 E6 number/ml./mb 
(C ): 1,05 E-2 M/min.
: 7.35 E4 num/oi.mln 
: 1.052.2(1+1,211 L)0'58 ja/mia
Crystal population' 
density (nun/nl./im)
Characteristic siW
8.296 E4 2.7
1,326 E5 3.45
2.055 S3 4.45
1.713 E5 5,7
6.343 E4 7.3
1.563 E4 9,35
4.697 E3 12.05
1,974 S3 15.65
6.321 S2 20,7
28.7
2.286 El 44.3
4.1U E-l 86.65
Nuclei populacion density (n ) 
Nuclei.sized crystal growth rate 
Nucleation race (B )
Crystal growth rate (G)
Nuclei population density (n ) ; 8.5 E6 number/ml.Aim
Suclei-sised crystal growth rate <G*): 8 .0 0 E-3 faa/ada.
ilusleatien rats (8 ) 
Crystal growth rat® (G)
: 6.8 E4 nym/ml.min 
: 8.OO1!-..3(1+1.590 L)0-58 gm/mln
Crystal population 
density (num/ml,pm)
Characteristic size 
L (>m)
3.172 E4 2.15
1.735 E5 2.7
2.175 S3 .3.45
7.969 E4
3.643 E4 5.7
3.467 E4 7.3
1.702 E4 9.35
2.732 S3 . 12.05
15.65
20.7
1.052 El
3.434 E-2
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Run 22 P.
Nuclei population density (n ) : 3,91 E6 number/ml./im
Nuelei-sized crystal growth rate (G ): 3,91 E-3 ftm/mln.
Nucleatioh rate (B*) : 1.53 E5 ntih/ml.min
Crystal growth rate (G) : 3.915-3(1+0,512 L)°'J
Crystal population 
densicy (nua/nl.^ m)
Characteristic size
L W )
2 607 E6 4,45
5.7
9,980 E5 7.3
2.439 E5 9.35
7.535 E& 12.05
1.687 E4 15.65
8.793 E2 20.7
: !
Atm/min
Appendix I
R m  21 A„
Nuclei population densicy (n ) .42 E7 number/ml.
Kuclai-sisad crystal growth race 5.31 E-3 pa/m iTi.
4.47 E5 num/ml.min
5.312-3(1+0,511 L)1Crystal growth rate (G)
-B
Crystal population 
density (num/ml.^ st)
005
2.685 £5 
3.754 E4 
1.684 63
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Run 23 B,
Nuclei population density (n ) : 3.37 B7 n.tiber/ml.#ia
Suslei-sized crystal growth race (G ) : 1.84 E-2 /im/min.
Mupleaeion race (B ) I 6.21 ES num/ml.min
Cryscal growth rata (G) : 1.8&F,-^ (U1.098 L)0,5
Crystal population 
density (num/ml,/im)
Characteristic size 
L (pm)
2.828 S6 1.35
2.579 E6 1.7
2,650 E6 2,15
1.893 E6 2,7
6,696 ES 3.45
3,184 E5 4.45
1.098 25 5,7
1.980 E4 7.3
1.586 B3 9.35
2.748 El 12.05
pm/min
Nuclei population density (n ) : 1.69 E7 number/ml,pm
Kuclei-sized crystal grouch race (0 ): I.55 E-2 pm/min.
Mucleation rate (& ) : 2.62 E5 num/ml,min
Crystal grwr-h taea (G) ; 1,55E-2(1+0,590 L)0,58
Cryscal population 
density (nua/mi./jin)
Characteristic size
1.113 E7 1.35
9.251 E6 1.7
7.151 66
4,268 E6 2.7
1.722 E6 3.45
5.541 E5
1.721 25 5,7
1.617 25 7,3
1.239 E5 9.35
2.742 E4 12.05
2.103 E3 15.65
6.211 El 20.7
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Nuclei population density (n ) 1.93 E6 number/ml.pm
Nuelet-sized crystal growth (G ): 2.86 E-2 pa/min.
.51 EA nuo/ml.minNucleation
pm/oin
Crystal population 
density (num/al.pa)
Characteristic size
1 847 E6
2.082 E6
2.744 E5
8.725 54
3.080 E4
Development of the predominant crystal size (Randolph end Larson, 
1971).
The fundamental population balance equation has been derived ir 
section 3.2 as follows:
For the fundamental population balance equation the quantity L/Gr is 
dimensionless. By replacing it with the ditf.'.nsionless length % - L/G? 
the following equation is obtained:
n - n* exp"x J.I
The population number, length, area and mass are obtained froa 
normalized moment equations as shown in section 3,2. The third aomen: 
equation, normalized, of the crystal population is:
Equation J.3 is called the normalized mass cumulative fraction.
Aftar the integration of equation J.3:
x gives the followingDifferentiating equation J.'
of equation J.& is shown in figure J .1 and for equation J .5 in 
J.2. From figure J.2 it is Chat the predominant crystal
-L/Gr the predominant crystal size is where L-3Gr.
Figure J.l ?let of the cumulative
D i mens i on I ess length, x
Appendix K Page 178
APPENDIX K
Derivation of Che population balance equation if size-dependent growth 
of the crystals is assumed.
The general, population balance equation derived by deriving the 
population balance over a Macroscopic External Coordinate Region will 
be used as a starting point to derive the population balance equation 
if growth rate is size-dependent. This population balance over a 
Macroscopic External Coordinate Region has, been derived by Randolph 
and Larson (1971). (Refer to section 3.7. 4ur the derivation of the 
general population balance equation.)
This general population balance can be used for describing transient 
and steady-state particle-size distributions in well-mixed, 
continuous; isothermal vessels:
Assuming that all the constraints for an ideal crystallizer, except 
McCabe's AL law, hold the population balance equation for a 
crystallizing system with size-dependent growth can then be derived.
Because of Che constraints of steady state, no crystals in Che feed 
stream, and no birth and death terms equation K.l reduces to:
9 -°
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Seating that V/Q-t and using e size dependent growth rate expression 
O G ’d+iL)11 as described in section 3,4 equation K.2 reduces to:
2 . 0 X.3
This equation K.3 can be simplified to give the following result:
J. f  - _ > i (  o # u b •.b 1 J n f f e r
and after integration of equation K.4:
1-b
In n - In n + ' b X.3
which, if simplified, is the resulting population balance equation for 
a system with size-dependent crystal growth races:
n - K3 n (1- 
Where K3 - exp
1 - *
For b-0, equation K.6 gives the site distribution corresponding to 
McCabe's AL law.
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Calculation of the membrane efficiencies for che electrolytic cell 
operation.
The membrane efficiency of an eleccrolytic cell has previously be- 
defined in Appendix D as:
The maximum flux is the flux which will be observed if sodium ions are 
Che only ions .which move through, the membrane. The expression for 
maximum flux can be derived using Faraday's law as expressed in 
Appendix C:
Where: t - Time needed (s).
m - Mass of sodium ions to be transported per unit area 
(g/cm2).
Z - Number of charges on the sodium ion (•).
F - Faraday's constant (96A85 G/mol).
M - Atomic weight of sodium (g/mol),
I - Current density (A/cm*5). 
n - Membrane efficiency (•),
The maximum flux will be obtained when the membrane efficiency is 100% 
Thus, when r?-l. The number of charges on a sodium ion, and therefore 
Z, is one. Taking this into account, equation L.2 can be rearranged to 
give an expression for the maximum flux through the membrane:
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Where: N « Molar flux of the sodium ions (mol/cm^ .s),
The actual sodium flux will be given as:
Where : V «• Catholyte Volume,
G - Sodium concentration in catholyte.
If tti» volume of the catholyte solution is constant « 
be reduced to:
This differential is the slope of th« curve obtained when the sodium 
concentration in the catholyte is plotted against the running time of 
the cell. It must be noted that, in order to use this equation, the 
catholyte volume must be constant. Tl.Jis does not happen since samples 
are taken from the solution to determine the sodium concentration with 
the result that the volume decreases each time. This problem was 
overcome by correcting the sodium concentration in the catholyte for 
the loss in volume by sampling. This meant that all.the sodium 
concentrations were based on the same volume basis, and hence equation 
L, 5 could be used.
A run was done to illustrate this procedure. The experimental data 
look as follows:
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Current density - 1000 A/m^  
Solution ter-.arature - 40 ’C 
Gacholyce voi-.*- - 6 1 
Anolyte volume - 1
Tiine (hr) Cell voltage Catholyte Na 
cone, (g.l*1)
Corrected Na 
cone, (g.l )
10.5
9.5 2.862
8.5 4.552 4.51
6.138 6.07
8.03
9.3 ,
9.4 12.241
9.5 12.414 12.11
9.6, 12.758 12.42
12.56
These data are used to plot the graph of Na concentration in the 
catholyte versus the running time of the cell as la done in figure
From figure 6,1 it follows that the slope of the first part of the curve 
is 1.96. The volume of the catholyte solution is known as 61 and the 
area of the electrode plates is 200cm^ . Thus, from equation L.5:
Actual " (I-* * 8> / <200 * 23> 
- 0.0071 mol/s.cm2
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Knowing chac ts'ie current density in die electrolytic cell is 1000 
A/cm^  the maximum sodium £lux can then be calculatad using equation
Nmax;- " 1000 / 96635
» 0,0104 mol/s,cm^
The membrane efficiency, r j, is Chen (from equation L.l):
r, - (0.0071 / 0,0106) k 100
The same procedure can be followed to calculate the membrane 
efficiency of the second part of the curve. The efficiency in this 
part of the curve is calculated as 18%,
WATFXV computer program for the . simulation of the crystal size 
distribution of the crystal:' 'reduced in the MSMPB. crystallizer, 
(Refer to chapter 6,5)
M.l Algorithm
The main program initialises the program, and calls sn optimisation 
routine from the I.M.S.L. library to minimise the sum of squared 
errors. The optimisation program ZXM1N minimises the sum of squared 
errors calculated in the subroutine FUNC for the three parameters b, 
C* and n". The program ZXMIN uses a quasi-Hewton method to find the 
minimum of a function £(x) of N variables.
The subroutine FLUC calculates the sum of squared differences between 
the measured crystal size distribution data and the simulated crystal 
size distributions, as calculated using the proposed size dependent 
crystal growth race model, for a particular combination of the 
parameters b, G and n .
K.2 Program,main
SJOB
EXTERNAL fWC
INTEGER M,N,NSIG,MAXFN,IOPT,I,IER
REAL X(3),FF(20),W(9),H(6),G(3),F,Y(20),tlN(20)lL(20),T,Kl,K2,NO, 
REAL K3,K4,K5,K6,LL(20)
COMMON /EXDA/Y,u,NN,LL,M,T
C Read in the initial conditions and the measured data.
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READ (3,*)M,T
READ <3,*)X(1)(X<2),X(3)
CO 5 I-l.H 
aLAD(3,*)L(I),Y(I)
5 G0OT1NUE
C Seeify the convergence criceriona, etc. for Che I.M.S.L. subrourine 
C ZXMIS.
MAXFN-5000
CALL ZXMWFOKC.tf.ifSIC.KaxrN.IOPT.X.H.O.r.tf.IES)
C Printing the results obtained.
WRITE (7,1000)X(1),.X(2>,X(3)
1000 FORMAT(5X,F5.2,3X,F12.8,3X,F12.3)
KRITE(7,1001)IER
1001 FORi£AT(5X,I6)
WRITE(7,1002)F
1002 FORMAT(5X,F8,A)
«RITS(7,1003)6(1)
1003 FORMATCSX,F8.4) 
toITE(7,100A)G(2)
1004 'FORMAT(5X,F8.4)
WRITE(7,1005)W(1)
1005 FORMAT(SX.FS.A)
HRITE(7,1006)W(2) -
1006 FORMAT(5X,F8,4)
«RITE(7,1007)8(3)
1007 FORMAT(5X,F8,A)
DO 20 I-l.M
«aiTB(7,ioi)L(i)lr(i),«8r(i)
101 FORMAT(5X,F6.2l3X,F12.8l3XlF12.8)
' 20 CONTINUE
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C Subroutine co calculate the sum of squares.
SUBROUTINE FUNC(N,X,F)
INTEGER M,8,I
REAL X<N),F,Y(20),L<20),iaiK2,K3lK4,K5,X5,2m<20>,r,U<20),m.20)
REAL YY(20)
CKiMON /EXDA/Y.L.SM'.LL.M.T 
K1-EXP(1.Q/(1.0-X(1)))
K2— 1.0*X(1)
F-0.0
DO 15 I-l.M
LL<I)-AB5(L(I)/<X<2)*I)>
YY(I)-ABS(Y(I)A(3))
K3-LL(t)
K4-(1.0+X3)**K2 
K3*(1.Q+K3)**(!.O-X(l))
K6-1,Q-X(1)
FF(I)-(ALOG(YY(I))-ALOG((K1*K4*EXP(.1.0*K5/K6))))**2 
F-F+FF(Z)
8N(I)-K1*K4*EX$(-1.0*K5/K6)
15 CONTINUE 
RETURN 
END
?ENTRY 
$ STOP
Appendix H
Raw data for two identical runs, one with initial seed crystals added 
to the system and one with no seed crystals.
Seed crystals has been added CO this run.
Oilbath temperature : 140 C
Stirrer speed : 2400 rpa
Drawdown time of vessel• : 78.6 min
Crystal suspension density : 0.968 g/1 
Supersaturation of tungsten: 15.05 g/1
Weight fraction 
of crystals %
Crystal size range 
from Um) to (pm)
54.9
54,9 33.7
33.7
23.7
17.7
Appendix N
seed crystals tungstic acid crystals
Oilbach teaperature
; 2400 rpm
Crystal suspension density ; 0.0 g/1
Supersaturation of tungsten: 15.05 g/1
so this experiment and analysed
particle analyser crystals
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